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Mathematics in focus 


LYNWOOD WREN, George Peabody College for Teachers, 


Nashville, Tennessee. 


Mathematics is “in focus’ today. This being the case, 
it is well to stand back from our day-to-day tasks 
in the classroom and give serious thought to some fundamental issues. 


PHOTOGRAPHY, while both a science and 
an art, in its simplest analysis may be 
thought of as a procedure which makes use 
of the chemical action of light as a medium 
for the formation of images of certain 
chosen objects on surfaces previously made 
highly sensitive through special treatment. 
Similarly, teaching is both a science and 
an art; yet, in its simplest analysis, it may 
be thought of as a procedure which makes 
use of the psychological processes of learn- 
ing as a medium for molding selected por- 
tions of recorded or experienced content 
into patterns of thought and action im- 
printed on minds endowed by nature with 
extreme impressionableness. While careful 
photographers try to exclude all physical 
light from the darkrooms in which they en- 
deavor to develop and make permanent 
the images they hope they may have cap- 
tured; sincere teachers earnestly seek all 
light possible, both mental and physical, 
for the classrooms in which they strive to 
develop and make permanent the impres- 
sions they hope they may be able to fash- 
ion. 

We may liken the teaching of mathe- 
matics to the photographing of a landscape 
scene. The subject content of mathematics 
has all the contrast of detail and expanse, 
the interest in composition, the challenge 
of imagination, and the inspiration of 


1 An address delivered at the Fourteenth Summer 
Meeting of The National Council of Teachers of Mathe- 
matics, Seattle, Washington, August 22-25, 1954. 


beauty that so richly characterizes a 
striking landscape. The instructional pro- 
gram may be likened to the lens of the 
camera, the minds of the pupils to the 
focal plane, the informational background 
of the teacher to the view finder, and the 
teacher to the photographer. To pursue 
this parallel still farther let us seek to de- 
rive significant implications for better 
results in teaching from an analysis of 
pertinent suggestions for better results in 
photography.’ 

1. It is suggested that, while taking a 
picture, a photographer use a tripod or 
lean against somé firm support, such as a 
tree. 

In the fashioning of well-focused, clear- 
cut images, the photographer has an 
either-or choice in the selection of the firm 
support for his coup de main. Not so for 
the teacher of mathematics. To be sure, 
he needs all the assurance he can obtain 
from the tripod of experience with its 
steady supports of patience, understand- 
ing, and foresight. But for his tour de force 
he also needs all the information, convic- 
tion, and inspiration he can muster from 
leaning against the Tree of Knowledge, 
whose taproots sink deep into the fertile 


2 These suggestions, along with all other ideas on 
photography used in this paper, come from one or both 
of the two following references: J. Harris Gable, 
Complete Introduction to Photography (New York: 
Harper and Brothers, 1948); Robert A. McCoy, 
Practical Photography (Bloomington, Ill.: McKnight 
and McKnight Publishing Co., 1950). 
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soil of mathematical subject matter and 
whose branches spread its benefits over a 
vast range of human endeavor. 

2. A photographer is warned lo watch 
the subject in the view finder while making the 
exposure. 

In the language of photography, the ex- 
posure is the total action of light on the 
particv'.r ‘'m or plate being used. Before 
the photographer is ready to make the 
exposure, iic uses his view finder to study 
and shape the composition of the picture 
he hopes to take. 

Most modern cameras are equipped 
with a direct view finder which consists of 
two upright pieces of metal, one at the 
back with a small opening, and one at the 
front with a larger opening. When the 
photographer sights carefully through 
these two openings, he sees enclosed within 
the rectangular frame of the larger opening 
the portion of the landscape which gives 
him the complete composition of the 
image he is attempting to record as a pro- 
tection against disturbing forgetfulness 
and as a reward for inspired imagination. 
It is this image which the photographer 
must keep under close observation during 
the total time of the exposure. 

In the language of teaching, the ex- 
posure might be thought of as the total 
effect of the psychological processes of 
learning on a particular group of pupils. 
Before the teacher is ready to make the 
exposure, he should use his view finder to 
study and shape the composition of the 
impressions he hopes to make. 

The informational background of the 
teacher has been likened to the direct view 
finder of the camera. However, instead of 
two component parts, the teacher’s back- 
ground possesses three significant ele- 
ments: general knowledge, special knowl- 
edge, and professional knowledge. A broad 
educational background, proficient train- 
ing in the field of mathematics, and a pro- 
fessional acumen that is highly sensitive 
to the delicate balance which must be 
maintained between subject-matter struc- 
ture and value and pupil receptivity and 


retention; each of these elements is a sine 
qua non for every teacher of mathematics, 
whether at the elementary or secondary 
level of instruction. It would be exceed- 
ingly difficult to rank these three types of 
essential knowledge in their order of im- 
portance. Be that as it may, it is through 
the composite framework of the three 
that the teacher should visualize the im- 
pressions he hopes to develop as a protec- 
tion against frustrating ignorance and as a 
reward for ambitious aspiration. Absence 
of or inefficient functioning of any one of 
these three component frames of the 
teacher’s view finder is most likely to 
result in disturbing distortions which will 
lead to warped images and confused de- 
tails regardless of how effective the instruc- 
tional program may be in bringing the 
impressions into clear focus in the pupils’ 
minds. Thus, it is extremely essential 
that the teacher keep his instructional 
units under close observation in his view 
finder during the entire time of exposure. 

3. The photographer is instructed to 
study the image in the view finder to make 
sure he has a pleasing picture with proper 
lighting. 

Before the time of and throughout the 
duration of any exposure, the teacher of 
mathematics needs to study his subject 
constantly and keep informed as to the 
new developments in the field, the ap- 
proved selection and organization of sub- 
ject matter appropriate to the grade level 
at which he is teaching, and the most 
effective techniques for motivation and 
guidance, developmental and remedial 
teaching, and the evaluation of instruc- 
tion. Only through such individual effort 
can the teacher of mathematics hope to 
visualize a reasonable composition of 
rigor and intuition, incidence and sys- 
tem, meanings and mechanical skills, 
tradition and innovation, and theory and 
practice; only through such effort can he 
hope to maintain the proper balance for 
effective teaching between pupil interest 
and aptitude and subject-matter challenge 
and abstraction. 
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The photographer has a fixed focal plane 
in the film or plate on which he expects to 
get an image of the portion of the land- 
scape he sees in his view finder. Also, he 
has different gadgets which he may use to 
bring his image into clearer focus. After a 
preliminary study and a consequent ap- 
propriate setting of these gadgets, the 
photographer may concentrate his full at- 
tention on the composition of the image 
as he sees it in his view finder. That is the 
picture which he hopes to bring into such 
clear-cut focus as to result in exact repro- 
duction. 

Things are not quite that simple for the 
teacher of mathematics. He not only has 
to keep in mind the composition of the 
subject matter he wishes to use, but also 
he must concentrate constantly on the 
very changeable focal plane with which he 
is working, namely: the attitudes, apti- 
tudes, interests, and abilities of the pupils 
in his class. He has no motivation meter 
which he can set so that he might feel 
assured that he has taken care of all inter- 
ests, nor does he have any scale of re- 
medial stops which guarantees proper pro- 
vision for all abilities, nor any range finder 
which insures adequate adjustment to all 
aptitudes. The teacher of mathematics is 
working in a situation in which no simple 
setting will suffice. Rather he needs to be 
alert to the need for continuous change. 
He needs an automatic gearshift, as it 
were. It would matter very little whether 
such a gearshift operated with a mechani- 
cal smoothness that might be character- 
ized as “Ultramatic, Hydramatic, or 
Dynaflow.”” What would really matter 
would be that a teacher’s alertness should 
operate with a creative imaginativeness 
that could be characterized as systematic, 
mathematic, and really-know. Would it 
not be helpful if each teacher of mathe- 
matics could be equipped with an auto- 
matic pedagogical transmission which 
would assure, at all times and under all 
conditions, the proper adjustment of 
mechanical operation, subject-matter con- 
sumption, and instructional lubrication to 
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furnish the power for a smooth pull over 
the hills of needed understandings and 
through the mire of operational difficulties 
out onto the smooth highway of efficient 
performance? Even under such ideal con- 
ditions the teacher could never hope for 
the exactness of reproduction to which the 
photographer aspires. He is constantly and 
emphatically reminded of the fact that his 
optimum expectation will have to be “a 
reasonable facsimile thereof.” 

4. The photographer is told that it is 
best to have a center of interest in the picture. 

How important this precaution is for 
the teacher of mathematics! Furthermore, 
it is highly significant that the emphasis 
is singular rather than plural. Too fre- 
quently, instruction in mathematics is 
rendered superficial and _ ineffective 
through overzealous efforts to “cover the 
waterfront,” whether it be the evanescent 
waves of student interest, the busy docks 
of social significance, the challenging 
cliffs of content selection, or the rocky 
beaches of instructional techniques. 

The teacher should try, at all times, to 
avoid the complication of too much detail 
in the composition of the mathematical 
landscape which he is attempting to mold 
into permanent and significant impres- 
sions. A single concept, principle, or tech- 
nique projected above the horizon of ex- 
perience may make a much more signifi- 
cant and lasting impression than a whole 
forest of ideas, though the forest might 
also afford a great experience with perma- 
nent values if the selection were right, the 
emphasis careful, and the relative signifi- 
vance thoughtfully considered. A good 
instructional landscape should be simple 
and not overcrowded. It should have only 
one principal developmental idea toward 
which mental concentration is directed. 
The shadows cast by lack of understand- 
ing and inefficient operation must be 
watched carefully. The teacher must see 
to it that the exposure is of sufficient dura- 
tion to provide the needed detail of in- 
struction to take care of such shadows. 

Just as in photography, so it is true in 
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teaching that it is necessary to put a hu- 
man figure in a landscape in order to give 
the picture “‘life.’”’ In neither case should 
the human figure be allowed to dominate 
the scene nor should he become lost in the 
expanse of the vista. If the teacher allows 
himself to concentrate too strongly on the 
pupil and the pupil’s interests, he may find 
himself wandering astray amid some of the 
false psychological involvements of con- 
tinuous promotion, incidental learning, 
and social significance. On the other hand, 
the teacher who concentrates on subject 
matter and forgets the student may just 
as surely find himself wandering astray 
amid some of the non-professional pe- 
dantic attitudes of thoughtless unconcern 
for pupils’ interests and aptitudes, heed- 
less disregard for individual differences in 
desires and abilities, and complete indif- 
ference to pupil progress. It is a good plan 
for every teacher to attempt new and in- 
teresting instructional efforts and _ to 
analyze each effort from many points of 
view to maintain that balance between 
pupil and subject matter, which will 
guarantee the proper center of interest for 
the most effective instructional result. 

Let us pause a moment at this point to 
sound a note of warning lest unintended 
implications be read into this parallel be- 
tween photography and teaching. The 
photographer is warned that for best 
results he should not use a panchromatic 
film or plate “earlier than one hour after 
sunrise or later than one hour before sun- 
set.’ Now a panchromatic film or plate is 
one that is sensitive to light of all colors. 
The focal plane of teaching, namely, the 
minds of the pupils, certainly possesses 
panchromatic characteristics. Warning or 
no warning, teachers very likely realize 
that they can hardly hope to use the 
minds of their pupils “earlier than one 
hour after sunrise,” regardless of the type 
of results they may desire; on the other 
hand, in the light of some modern educa- 
tional practices, it does seem desirable to 
suggest to teachers that there still remain 
many possibilities for good results to be 


derived from the use of the minds of their 
pupils “later than one hour before sun- 
set.” 

The three major concerns of the pho- 
tographer, as he prepares the picture 
which he desires to have imprinted on his 
film or plate, are good composition, 
proper exposure, and clear focus. These 
are also major concerns of the teacher as 
he shapes the patterns of thought and 
action he hopes will become permanently 
imprinted on the minds of his pupils. All 
instructions for good composition and 
proper exposure might be followed care- 
fully, yet the beauty of the picture or the 
effectiveness of the impression could be 
lost through thoughtless procedures which 
produce a faulty focus. Now that we have 
paid heed to some of the cautions and in- 
structions that should be observed if good 
composition and proper exposure are to be 
obtained, let us turn our attention to tech- 
niques for securing clear focus. What 
should it mean to bring mathematics into 
clear focus? What are some of the prob- 
lems involved? 

In the photography of landscapes each 
scene includes objects at different dis- 
tances from the lens. In the figure on page 
518 the far object, 7, represents the far- 
thest object to be included in the picture 
and, 2, the near object, the nearest one; the 
distance between the two is called the dep‘h 
of field. The unbroken lines show where the 
rays from the near object come to sharp 
focus, 6, and the broken lines show the 
place of sharp focus, 4, of the rays from the 
far object. Each set of rays forms a diffused 
disk of light at the position of focus for the 
other. Such disks are called circles of con- 
fusion; they tend to make the picture 
blurred and fuzzy. The device for re- 
ducing these circles of confusion and, thus, 
sharpening the focus for the picture is 
called a diaphragm. 

In teaching, most instructional units 
are subject to organization in accordance 
with points of view with contrasting basic 
philosophies; most instructional units in- 
clude objectives with differing relative 
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Point / represents a far object; point 2 represents a near object; and 3, a lens. Point 4 represents the 
focus of the far object; point 4 is the best focus of both objects; and 6 the focus of the near object. 


values, and are interpreted through in- 
structional techniques with discordant 
psychological implications; and they are 
evaluated by means of appraisals with 
opposing senses of value. The divergence 
between these conflicting ideologies might 
be referred to as “shallowness of think- 
ing.’’ It may sound trivial, but it should, 
nevertheless, be quite disturbing to call 
attention to the fact that the sharp focus 
of effective teaching is, at times, seriously 
obstructed by psychological and _ philo- 
sophical circles of confusion. So frequently 
they can be instrumental in producing 
blurred and fuzzy instructional results. 

O wad some Power the di’phragms gie us 

To serve our pupils as they nee’ us; 

From bick’ring diff’rence to really free us; 

Oh wishful notion! 

Help Psy’ and Phil’ unite to lea’ us 

In joint promotion.* 

What are some of the educational 
tenets out of which divergence of profes- 
sional opinion constitutes the “far and 
near objects” that give rise to disturbing 
circles of instructional confusion in the 
teaching of mathematics? What dia- 
phragms might be used to reduce this 
confusion and bring about sharper focus in 
mathematical understanding and skill in 
the minds of our pupils? We shall have 
time to consider only a few. 

1. Rigor versus induction and tintuttion. 
What is the proper balance between in- 
sistence upon rigorous development of 
every mathematical concept or technique 


’ With the most humble apologies to the poet, 
Robert Burns. 


and the inductive development which 
counts on discovery and _ recognition 
through experimentation or intuition? 
Certainly we expect the child to arrive at 
his concept of number through manipula- 
tion and action experience which lead him 
through what has been called “the per- 
ception-abstraction-generalization-response 
sequence,” rather than to acquire the 
concept through contact with such rigor- 
ous treatments as those of Frege, Peano, 
Russell-Whitehead, or Pasch. Further- 
more, the approach to operational facility 
is primarily experimental and inductive. 
We expect the child to learn, for example, 
that 5—2=3, primarily through the op- 
portunity to work with groups of five 
objects and actually see, by counting, 
that there will be three objects left if he 
removes two. We do not expect him, in the 
beginning, to rely on the rationalization 
found in the definition of the process of 
subtraction, namely, that 5—2=3, be- 
cause 3+2=5. However, this rationaliza- 
tion later should take on real meaning for 
the child as the teacher attempts to help 
him develop the full significance of the 
process of subtraction and its relation to 
addition. 

In the treatment of signed numbers the 
teacher should lead the pupils to realize 
that their concept of number is being ex- 
tended, and that it now becomes necessary 
to define what it means to add, subtract, 
multiply, and divide such numbers. Fur- 
thermore, the teacher should point out 
that with these new numbers the pupil 
will be able to do some things that he has 
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not been able to do before. For example, 
with signed numbers he can now subtract 
a larger number from a smaller one, where- 
as formerly he could not. In defining the 
operations with signed numbers, efforts 
should be made to rationalize the defini- 
tions. These efforts at rationalization can, 
in general, be much more effective if they 
appeal to the experience and intuition of 
the pugils rather than if they attempt to 
make abstract appeal to conformity with 
the fundamental laws of operation. Does 
it not seem likely that the use of numerical 
examples which point to a reasonableness 
of expectation probably would be much 
more effective in answering the neophyte’s 
question as to why “a minus times a minus 
gives a plus,”’ than would a demonstration 
that the distributive law demands such a 
result? 

Of course, it is desirable that extreme 
care should be exercised in the definition 
of terms and concepts. Here again the 
exercise of care might, more appropriately, 
be interpreted to mean becoming familiar 
with such terms and concepts through 
intelligently supervised activity and use, 
rather than through the memorization of 
rigorously constructed definitions. This 
procedure suffices in many instances in 
adult life as well as with children. Who, for 
example, is not able to distinguish between 
a dog and a horse? On the other hand, is 
there anyone who would be willing to at- 
tempt a rigorous definition of either in an- 
swer to a life-or-death challenge or even a 
simple wager of a few dollars? Suppose 
someone described to you a certain article 
of furniture as consisting of a smooth flat 
slab, board, or the like, fixed horizontally 
on legs or other support, to be used in serv- 
ing a drink, made by infusion or decoction 
from the roasted and ground or powdered 
seeds of a genus of shrub of the madder 
family. Would you know what to call this 
article of furniture? To identify this same 
article of furniture to some uninitiated per- 
son, would you prefer to use this Webster’s 
unabridged-dictionary approach, or would 
you simply point to the article and say: 


“That is a coffee table’’? 

As a further interesting experiment in 
the “rigors’’ that can be caused by rigor- 
ous definitions, suppose you are not famil- 
iar with the meaning of the word “fair.” 
Furthermore, suppose a friend, in telling 
you about a young lady seen during the 
day, said: “She was fair.’”’ Let your 
imagination be your guide in determining 
the impression you might get of this fair 
damsel as you find in Webster’s un- 
abridged dictionary: 
fair: (1) pleasing to the eye, beautiful, inspiring 

hope and confidence; (2) ample or liberal in 

size; (3) desirable; (4) blond; (5) frank, 
honest, and impartial; (6) free from spots, 
specks or dirt; (7) open to legitimate pursuit; 

(8) reasonable; (9) unobstructed; (10) not 

stormy; (11) likely, promising; (12) gentle, 

peaceable, hindly; (13) without sudden or 
angular deviations. 


Uncompromising insistence upon the 
rigorous exactness of logical argumenta- 
tion or thoughtless yielding to the intui- 
tive formation of concepts and principles 
shaped in accordance with experience can 
be equally unsound and unfortunate as 
teaching practices. The diaphragm of 
instructional insight can be used by the 
well-informed teacher to reduce the circles 
of confusion caused by these conflicting, 
yet potentially harmonious, instructional 
philosophies. 

2. Incidence versus system. The dilemma 
of emphasis existing between the funda- 
mental philosophies of incidental learning 
and systematic learning is one of the most 
vicious threats against effective teaching 
of mathematics, expecially in the ele- 
mentary school. The Commission on Post- 
War Plans directed one of its theses 
specifically to this problem. Thesis 5 
states: ‘‘We must abandon the idea that 
arithmetic can be taught incidentally or 
informally.”* In the discussion of this 
thesis the Commission points out, among 
other ideas, these three significant facts: 
(1) Children, left to themselves, are not 


4 “The Second Report of the Commission on Post- 
War Plans,” THe Matuematics TEACHER, Vol. 
XXXVIII (1945), p. 202. 
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likely to have the numerical background 
to recognize or feel the need for any but 
the simplest: of arithmetical ideas and 
skills; (2) Few teachers [only those with 
adequate mathematical background] are 
sufficiently sensitive to the quantitative 
aspects of events to recognize them; (3) 
Mathematics, including arithmetic, has 
an inherent organization which must be 
respected in learning. 

In contrast, consider this pronounce- 
ment made with the sanction of the John 
Dewey Society: 

Direct sensory experience is the first criterion 
for the selection of subject matter in the pri- 
mary grades, and this selection should be made 
jointly by teachers and children working to- 
gether cooperatively and as equals in the under- 
taking.® [Parenthetically, at this point one 
might be inclined to ask with Omar Khayydm: 

“All this of Pot and Potter—Tell me, then, 

Who is the Potter, pray, and who the Pot?’’] 
A second criterion for the selection of subject 
matter is that the topic of study must have social 
value, social use, or social significance. In other 
words, it must be concerned with persons... . 
A third criterion for the selection of subject 
matter...is that the learning experiences 
must be selected in terms of the development 
and maturity of the child.™ 


These dicta come from two groups 
equally competent and equally authorita- 
tive in their respective areas and equally 
sincere in their efforts to improve instruc- 
tion in the elementary school. Under the 
influence of and directly responsible to 
two guiding philosophies with such basi- 
cally divergent implications, is it any won- 
der that, at times, teachers in the elemen- 
tary school find themselves in confused 
patterns of instruction, which could hardly 
be expected to do anything but produce 
distortion of emphases and obscurity of 
significant elements? The teacher needs 
to keep in mind that committee consensus, 
board legislation, and ‘“‘progressivist”’ 
declaration cannot remove from mathe- 
matics its characteristics of systematic 
organization, symbolic simplicity, and 


5 Ruth Streitz, ‘“Subject-matter Interpretation,” 
The American Elementary School, Thirteenth Yearbook 
of the John Dewey Society (New York: Harper and 
Brothers, 1953), p. 326. 

& Thid., p. 328. 


logical clarity. On the other hand, it is 
just as true that professorial pronounce- 
ments from ivory-towered seclusion can- 
not remove the psychological values of 
incidence and activity from the funda- 
mental philosophy to be used as a guide in 
dealing with the immature learner. Un- 
prejudiced use of the complex diaphragm 
of cooperative professional thinking could 
remove much of this confusion and thus 
greatly sharpen the focus of mathematical 
instruction, not only in the elementary 
school but at all levels of teaching. 

3. Meanings versus mechanical skills. 
The professional literature of recent years 
has been giving increasing attention to the 
importance of emphasizing ‘‘meanings”’ in 
the teaching of mathematics. The Com- 
mission on Post-War Plans gave support 
to this fundamental philosophy in its 
fourth thesis: ‘We must give more em- 
phasis and much more careful attention 
in the development of meanings.’’* While 
this thesis was directed at instruction in 
arithmetic, there are those who would say 
that its implications are equally significant 
at all levels of instruction in mathematics. 
In its discussion of this thesis, the Com- 
mission makes three very important ob- 
servations: (1) Meanings do not just 
happen; (2) Meanings are not all-or-none 
affairs, they are relative matters; (3) 
<xperiences to develop meanings need te 
be arranged and ordered as carefully as 
are the experiences by which we develop 
computational skills. 

The followers of this theory do not dis- 
credit the need for practice in the com- 
putational skills, nor do they attempt to 
reduce the importance of mechanical 
efficiency. They conceive of mathematics 
as a closely knit system of comprehensible 
ideas, principles, and skills. They insist 
that the true test of learning is an in- 
telligent grasp upon fundamental rela- 
tionships and the ability to deal with 
quantitative situations with proper com- 
prehension of their mathematical as well as 


6 Commission on Post-War Plans, op. cit., p. 200. 
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their practical significance. In short, they 
do not want their pupils to come away 
from their daily experiences with mathe- 
matics with a feeling that 
There was the Door to which I found no Key; 
There was the Veil through which I [did] 
not see. 


Rather, teachers want their students to 
come away with some appreciation of the 
fact that mathematics 


yields the essence and kernel of all things, is 
brief in form and overflows with its wealth of 
content. It discloses the depth and breadth of 
the law and spiritual element behind the sur- 
face of phenomena; it impels from point to 
point and carries within itself the incentive 
toward progress; it stimulates the artistic per- 
ception, good taste in judgment and execution, 
as well as the scientific comprehension of 
things.’ 


Not all teachers of mathematics, how- 
ever, are devotees of this philosophy. 
There are likely many for whom Buell has 
summarized their thinking in these words: 


[Teaching for meaning] slows things down too 
much and is quite unnecessary. There are things 
to be done, that have to be done, that can be 
done without all the theory. Furthermore, since 
the mathematical ability of many is low and 
the total amount they will learn is limited, it is 
best to reduce many things to routine so that 
they may go on farther with practical work than 
they could go if we insisted on ‘‘completeness”’ 
all along the way. ...I say let’s make [arith- 
metic] increasingly mechanical and then go 
on to something more abstract. Let us continu- 
ally make the difficult into the mechanical, and 
go on to the more difficult.* 


Could there be two more divergent 
points of view to contribute to the con- 
fusion in the minds of inexperienced 
teachers, especially since they have been 
expressed by members of our own group 
and were published in our own professional 
journal within six months of each other? 
Surely the diaphragm of discriminating 
judgment can sharpen the focus of our 
thinking on the fact that, while we may 
wish to emphasize meanings in our 


7Quoted from E. Dillman in R. E. Moritz, 
Memorabilia Mathematica (New York: The Macmillan 
Co., 1914), p. 49. 

8 Irwin A. Buell, ““‘Let Us Be Sensible About It,” 
Tae Martsematics TeEAcHER, Vol. XXXVII (1944), 
pp. 306-307. 


teaching of mathematics, there is the very 
real danger of too much meticulous detail. 
In the desire to lead our pupils more rap- 
idly to the challenge and inspiration of 
new and unexplored areas of mathematics, 
we must be careful not to confound the 
confusion and lead to more confusion. 

4. Tradition versus innovation. In his 
retiring presidential address before the 
Mathematical Association of America, 
MacLane said: 


Collegiate education in mathematics needs the 
most imaginative and vigorous reforms, for it is 
now beset by numerous troubles and inade- 
quacies. These are internal troubles. Many of 
our courses cleave valiantly to a weak and ob- 
solete tradition. Calculus has a perspicuous 
and beautiful intellectual structure, but its 
usual presentation is distorted by the unhappy 
fact that each new “standard” calculus text 
must copy the weakness of a long line of equally 
imitative predecessors. Trigonometry is in 
worse state; the publishers and authors of trigo- 
nometry texts conspire to demonstrate in ex- 
haustive detail the combinatorial fact that an 
infinity of different texts is possible. .. . / Among 
the standard courses, College Algebra is in per- 
haps the worst shape.... Today “College 
Algebra” stands for a subject which ought to 
be taught in the high school and which has 
nothing to do with algebra.® 


In the above words MacLane has called 
attention to a revision problem which is 
growing in importance and is demanding 
more and more professional attention. 
Evidence of this fact can be found in the 
work of the Symposium on Teacher 
Education in Mathematics, of various 
committees, and of several individual 
writers. Kenneth May has summarized 
the consensus of these efforts very effec- 
tively in these words: 

.. it is now becoming clear to many that the 
curriculum that traditionally begins with ele- 
mentary algebra in the ninth grade and ends 
with integral calculus in the college sophomore 
year is due for a drastic overhauling. ... The 
new curriculum should ignore the traditional 
sequence and present mathematics as a single 
subject, in the order dictated by sound psychol- 
ogy and by the logical structure of the subject 


in the twentieth century rather than the seven- 
teenth century. It should discard something 


® Saunders MacLane, ‘“‘Of Course and Courses,” 
The American Mathematical Monthly, Vol. 61 (1954), 
pp. 151-157. 
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like half the traditional manipulative topics. . . 
which are today outmoded, impractical, and 
trivial. . . . It should bring into the high school 
a number of topics .. . that have in the United 
States ... been traditionally postponed to col- 
lege. It should include some twentieth century 
mathematical ideas (such as set theory, modern 
statistical inference, and symbolic logic) that 
are both elementary and practical. . . . In short, 
it should concentrate on teaching young people 
to think mathematically rather than on teaching 
rules for solving special problems.° 


The two quotations above have related 
this problem of tradition versus innova- 
tion to the college and high school. It is 
virtually, if not actually, as acute in the 
elementary school. The questions of grade 
placement and distribution of emphases 
are very critical in the elementary school. 
There the frequent, overemphatic demand 
for practical values of instruction has re- 
sulted in warped and misplaced presenta- 
tions. The insistence upon the immediacy 
and manifestation of need as an absolute 
criterion in subject-matter selection, and 
upon perfection in mechanical skills to 
the exclusion of the development of signif- 
icant meanings are but two illustrations 
of unfortunate emphases. These emphases 
confound the thinking incident to curricu- 
lum construction and to the shaping of 
patterns of teaching in the elementary 
school. They also contribute confusion 
at more advanced levels of instruction. 

This problem of revision needs to be 
solved; it can be solved. Would that some 
competent professional group would seek 
that adjustment of the diaphragm of 
mental alertness to modern excellence and 
traditional significance, which would 
sharpen the focus of intelligent compre- 
hension and proficient performance in 
mathematics." 

5. Theory versus practice. The philoso- 
pher Freytag has said: 

... the two most important problems which 
the philosopher discovers in mathematics as 


10 Kenneth O. May, “‘Which Way Precollege 
Mathematics?” Tae Matuematics TreacHer, Vol. 
XLVII (1954), pp. 303-307. 

1 It is of interest to note that a yearbook of The 
National Council of Teachers of Mathematics pro- 
jected for the near future is to be entitled ‘Insights 
into Modern Mathematics.” 
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soon as he attempts to bring that phenomenon 
within the orbit of his thought, may be briefly 
stated as follows: firstly, the problem of the 
existence of mathematics and its objects; and 
secondly, the problem of the applicability of 
mathematics to concrete Reality.’ 

At this time, while we are interested 
neither in the ontological or logical in- 
volvements of Freytag’s first problem nor 
the anthropological or epistemological 
implications of the second, they do direct 
our attention to a very significant problem 
related to the teaching of mathematics in 
our schools, namely: what should be the 
relative emphasis on theoretical develop- 
ment and practical application? The 
answer to this question is not too simple. 
It is not as easy for the teacher to answer 
this question as it was for the elevator 
operator, while filling in a job-analysis 
questionnaire, to answer the question: 
“How much time do you spend in each 
type of work connected with your job?” 
He simply replied: “Up, 50%; down, 
50%.” The teacher has to realize that the 
answer to his question must be related to 
the aptitudes, interests, and mathematical 
backgrounds of his students. 

Even at the elementary level the teacher 
is confronted with many of the issues of 
this problem and, possibly, in a much more 
vicious way than is her fellow-teacher at 
the more advanced levels of instruction. 
Too frequently the emphasis on a child- 
centered school program shackles curric- 
ulum organization and classroom in- 
struction with such debatable guiding 
principles as: (1) the determination of 
curricula should be predominantly in- 
fluenced by local needs and desires; (2) 
the content of the curriculum should be 
limited to those principles and skills found 
necessary by the average adult for com- 
fortable adjustment to his environment; 
(3) competition and attainment of achieve- 
ment standards as desirable and praise- 
worthy instructional practices should be 
removed. Are there any significant areas 


12 Bruno Baron V. Freytag, Philosophical Problems 
of Mathematics (New York: Philosophical Library, 
1951), p. 21. 
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of human living and activity from which 
the need for competition and the struggle 
for attainment of standards have been 
removed, or even from which we want 
them removed? In how many areas of 
significant learning do we see nationality 
of scope and permanency in value sacri- 
ficed on the altar of community desire 
and immediate need? 

The Commission on Post-War Plans 
recognized the critical nature of this 
problem. In its Second Report!® several 
of the theses were directed toward giving 
emphasis to the fact that the teacher of 
mathematics, whether at the elementary 
level or secondary level, must keep con- 
stantly before him the concept of math- 
ematics as having both a mathematical 
aim and a social aim. 

Only recently, in his contribution to the 
discussion of the question ‘Which Way 
Mathematics?’’ Douglass raised the ques- 
tion: “Should mathematics be taught to 
give equarstress on its utilitarian values 
and its cultural potentialities?’’* This is 
the same question in a slightly different 
garb. His discussion implies that there is 
no “either-or’’ answer but rather a “which 
and when” consideration to be given to the 
question. Of course, the classic answer to 
this question is to be found in the 1923 
report on the “Reorganization of Mathe- 
matics in Secondary Education.’’ There 
the National Committee on Mathematical 
Requirements discussed the aims for the 
teaching of mathematics under the three 
classifications: practical, disciplinary, and 
cultural. Each classification was placed 
on a par with the other two in significance 
and desire for emphasis. This classifica- 
tion has weathered the curriculum storms 
of the years, and is still recognized as 
worthy of deliberate consideration. 


18 The Commission on Post-War Plans, op. cit., pp. 
119-121. 

14 Harl R. Douglass, “Issues in Elementary and Sec- 
ondary Mathematics,"’ Toe MaTHematics TEACHER, 
Vol. XLVII (1954), p. 294. 

1 National Committee on Mathematical Require- 
ments, The Reorganization of Mathematics in Secondary 
Education (Boston: Houghton Mifflin Co., 1923), pp. 
6-13. 


This problem is a critical one and, 
frequently, a delicate one in curriculum 
construction and classroom instruction. 
Widely divergent points of view have 
created much confusion and have pro- 
duced many fuzzy teaching patterns be- 
cause of poor focus in thinking. Intelligent 
use of the sensitive diaphragm of mathe- 
matical awareness could keep the teacher 
alert to the full potentiality of mathemat- 
ics, not only as a very important tooi sub- 
ject rendering essential services in many 
areas of endeavor, but also as a content 
subject made up of concepts, skills, and 
fundamental patterns of thinking which 
constitute a very significant stratum of the 
composite of our modern civilization. 

A careful evaluation of any picture 
should be made in the perspective of 
basic principles of good taste in art. Five 
such basic principles which not only have 
fundamental implications for art evalua- 
tion but also can be of significance in the 
critical evaluation of effective teaching 
are: emphasis, proportion, balance, har- 
mony, and rhythm. It is important that 
each of these principles be given careful 
consideration in the composition of any 
picture that is to be of lasting value, May 
the thinking which guides us in content 
selection and directs us in classroom pres- 
entation seek to provide: (1) that em- 
phasis on rigor and intuition that will 
result in effective comprehension of what 
truth is and how we arrive at truth; (2) 
that proportion of incidental opportunities 
and systematic procedures to afford maxi- 
mum facility in mathematical adaptation ; 
(3) that balance between meanings and 
mechanical skills, which would not only 
provide proficiency but also understand- 
ing in the use of mathematical concepts, 
skills, and principles; (4) that harmony 
of appeal to both tradition and innovation, 
which would mold the inspiration for 
living Today from the challenge of un- 
born Tomorrow and the substance of 
dead Yesterday; and (5) that rhythm of 
thought which would stress the close in- 
terdependence between theory and prac- 
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tice that has been a significant charac- 
teristic of mathematical development 
throughout the ages. Then and only then 
will mathematics be in clear focus in our 
schools. Then and only then will the 


What's new? 


mathematica! impressions made upon the 
minds of our pupils be characterized by 
that clarity of detail, completeness of 
composition, and permanency of value 
which identify any great work of art. 
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Testing with a tangram 


HAVERLY O. MAYER, State Teachers College, Plattsburgh, New York. 
Work with the tangram will prove to be different 


AFTER CHILDREN have been taught to find 
areas of squares, triangles, and parallelo- 
grams, how to erect perpendicular lines at 
given points, and how to bisect angles, a 
simple test of this knowledge can be made 
by constructing a tangram. This device 
will not only prove interesting to most of 
the pupils but will provide immediate 
knowledge of results. That in itself makes 
it a practical and valuable testing device. 
Actually, a tangram is a Chinese design 
intended more, perhaps, for an art problem 
but it can easily serve a double purpose. 
The directions for the test may be given 
orally or in written form, depending upon 
the purposes of the teacher. In either case 
the procedure is somewhat as follows. 
Recall briefly with the class the informa- 
tion they have learned about finding the 
area of surfaces and mechanical drawing 
experiences they have had. Tell them that 
you have found a way for them to test 
how much they know. Explain that if they 
follow the directions given, they will not 
only prove that they know the facts that 
they have studied but they will also have 
geometric figures with which they can 
make designs for their bulletin boards. 
After their interest is aroused, tell the 
pupils that each will need his pencil, com- 
pass, protractor, and ruler. Then have 
each pupil choose a sheet of 12” X18" con- 
struction paper of a pastel color that he 
may like best. Now follow the directions 
given below. 
Two inches from the bottom of your 
paper (see Figure 1) draw a straight line 


and a welcome break in class routine. 


9 inches long. At points A and B erect 
perpendiculars 9 inches long. 

If you connect the ends of the two 
9-inch lines, what figure do you have? 
(A square.) How can you prove it? (Use 
protractor to measure the angles.) What 
is the area of the square? (81 square 
inches. ) 

Now, see Figure 2 and bisect angle 
ABC; then draw a line from point B 
toward D, 7 inches long. (Obviously you 


Figure 1 
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Figure 2 


could more quickly draw the diagonal 
from B to D. But this procedure gives each 
pupil the chance to learn if his work is cor- 
rect and accurate. If his lines do not meet 
exactly, he can see for himself that he did 
not bisect the angle carefully.) 

Did you bisect the angles correctly? 
(___.) How do you know? (The lines 
meet exactly.) What kind of triangle is 
DAB? ( = 

Bisect angle DCB and draw a line from 
C to line DB. Mark F at the point where 
that line meets line DB. How many de- 
grees are there in angle DCF? (45°.) 

Bisect line DA and call the point G. 
Bisect line AB and call the point H. Then 
draw a line from G to H. How many de- 
grees are there in angle GAH? (90°.) How 
many degrees are there in angle AHG? 
(45°.) How would you find the area of 


AGAH? A 


b 
tals Bisect line DF and call 


— 


this point J. Bisect line GH and call the 
point J. Connect J and J. What is figure 
DGJI? (A parallelogram.) How would 
you find the area? (a Xb.) Bisect line FB 
and mark that point K. Now draw FJ and 
KH. 

Of course, there are numerous other 
questions that could be added. There are 


various ways of rating or scoring the 
papers. There are also ways of using the 
device as a correlation with art. 

For example, the formula for finding the 
area of each figure could be put on the 
figure with India ink, the figure could be 
cut out and mounted on the bulletin 
board, or the figures could be.cut out and 
mounted on contrasting or complementary 
colored construction paper in any pattern 
that the children could originate. The fol- 
lowing illustrations may give enough sug- 
gestions to start the pupils experimenting. 

This device has proved interesting to 
children, because they can tell something 
about their success as they work, they are 
testing their knowledge in a meaningful 
way, and they have definite evidence of 
success when they finish. It is a practical 
and revealing device for the teacher. If he 
gives written directions, he has evidence 
of each pupil’s ability to read and follow 
directions, and he has good evidence of 
each pupil’s knowledge of several items of 
mathematical information. He also has def- 
inite evidence of certain kinds of work 
habits; for example, neatness, carefulness, 


Figure 3 
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Figure 4 


and accuracy. Experimentation with this 
device will lead teachers to see that it has 
many values as a testing instrument. 

If the directions are given orally, the 
teacher has some evidence of ability to 
follow oral directions. He may learn much 
about the way the pupils work, the way 


























they think, the way they organize their 
tools (compass, ruler, etc.), and the way 
they analyze their work as they proceed. 
For the teacher who is concerned about 
all the objectives of teaching mathematics, 
this test will give evidence of learning be- 
yond just knowledge of fact. 

















“The publie’s differing, and often contradic- 
tory, views of what the school’s functions should 
be are illustrated by a study conducted under 
the auspices of Harvard’s Graduate School of 
Education. Interviews with 105 Massachusetts 
school superintendents during 1952-53 showed 
that they were subjected to the following con- 
tradictory demands: 

50 per cent were pressured to put more em- 

phasis on the three R’s; 64 per cent received 

demands that more courses and subjects be 
taught. 39 per cent received protests against 
the introduction of new school services, such 
as guidance and health programs; 63 per 
cent were urged to have the schools intro- 
duce such services. 40 per cent faced de- 
mands from the community for less emphasis 
on athletics; 58 per cent were under pressure 
to put more emphasis on athleties.”—“A 
Policy for Skilled Manpower,’’ National Man- 
power Council, Columbia University Press. 
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The role of algebra 


in the development 


of relational thinking 


WILLIAM N. JACKSON, Tennessee A & I State University, 


Nashville, Tennessee. 


If algebra is to make its optimum contribution 


to the higher mental processes, skills must be subordinated 


to a greater degree than now seems to be the practice. 


Many mathematics teachers claim that 
the study of algebra improves the stu- 
dent’s thinking and reasoning abilities, 
particularly in the field of relational think- 
ing. Few educators would dispute the de- 
sirability of this objective; however, very 
little effort has been made to explore the 
validity of the proposition that the reason- 
ing abilities of students have improved 
because of studying algebra. It is signifi- 
cant that there has been comparatively 
little research concerning the extent to 
which the objectives of algebra are 
achieved and the methods of teaching that 
should be emphasized in developing the 
objectives. Without discounting the worth 
of such studies as those by Everett, 
Powell, Daily, Willits, and others, most of 
the research has been concerned with de- 
termining ways to teach more efficiently 
the skills associated with algebra. The 
emphasis in research has been on such fac- 
tors as ability groupings, analysis of pu- 
pils’ reading abilities, and the relation of 
intelligence ratings to achievement in alge- 
bra, and even in these matters there seems 
to be some disagreement. 

The writer suggests the hypothesis that 
algebra can be used to develop important 
understandings associated with relational 


thinking, and the investigation of this 
hypothesis was the end to which this study 
was directed. 


RELATIONAL THINKING 
AND INTERPRETATION OF DATA 


Relational thinking is a type of reason- 
ing that involves the identifying of varia- 
bles or elements among which there is de- 
pendence or interdependence. The varia- 
bles may be measurable or non-measura- 
ble, mathematical or non-mathematical in 
nature. 

Relationships range from mere inklings 
of dependence between two or more varia- 
bles to those representing the ultimate in 
functional dependence; for example, from 
the relationship that is suspected to exist 
between one’s age and the intensity of ap- 
petite for sweets, to the linear function, 
y =az, in which each value of y can be pre- 
dicted in terms of specific values of 2, 
where a is a constant. Countless relation- 
ships are found between these two ex- 
tremes, the range being from the grossest 
approximations to the most precise func- 
tional relationships. 

The end of all relational thinking is in- 
terpretation of relationships and the draw- 
ing of valid generalizations. Functional or 
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relational thinking involves three abilities: 
recognizing mutual dependence between 
variables, determining the nature of de- 
pendence, and expressing and interpreting 
quantitative relationships. Relational 
thinking becomes a dynamic and purpose- 
ful process only when the climactic step of 
interpretation is exercised. 

Relational thinking is activated from 
data or facts. ‘Data may consist of any 
material used as a basis of discussion or 
inference’’ and it may be: incomplete, in- 
accurate, irrelevant, too extensive, poorly 
organized, or poorly presented for the 
purposes at hand.? Relational thinking 
proceeds when one is able to reorganize, 
eliminate irrelevant data, secure addi- 
tional data, and perform various tasks of 
refining in getting to the point of recog- 
nizing various types of dependence and 
interpreting the inherent relationships. 
This process is known as the interpretation 
of data. Hence, the essence of relational 
thinking is the ability to interpret data, 
because this ability implies a totality of 
the triad: recognition, characterization, 
and interpretation. 

This study then deals with the role of 
algebra in the development of the ability 
to interpret data, the essence of relational 
thinking. 

The ability to interpret data can best be 
defined through a description of the vari- 
ous behaviors one displays while engaged 
in this process. How would a person be- 
have who knows how to interpret data? 
The following behaviors describe the 
skilled interpreter: 

1. Perceives and expresses possible rela- 
tionships between items in a set of 
data. 

2. Recognizes the limitations of the 
data. 


1 Herbert R. Hamley, Relational and Functional 
Thinking in Mathematics (New York: Bureau of Pub- 
lications, Teachers College, Columbia University, 
1934), p. 80. 

2M. L. Hartung, Interpretation of Data, Bulletin 
No. 3, P. E. A., Evaluation in the Eight Year Study, 
p. 3. 


. Understands the fact that the valid- 
ity of a statement depends on the 
values attached to the variables. 

. Evaluates conclusions and generali- 
zations reached by others in their 
interpretation of data. 

5. Draws valid generalizations consist- 
ent with relationships recognized. 
These behaviors, although applicable in 

the solution of mathematics problems, 
apply with as much force to any situation 
that could be resolved effectively through 
use of the ability. Whether the data be 
concerned with a basketball tournament 
or a sermon, an advertisement or a graph 
of a linear function, the behaviors apply in 
all situations in the classroom aimed at 
generalizing the behaviors involved in the 
interpretation of data. 

This brief review of the type of research 
conducted in elementary algebra, the 
characteristics of relational thinking, and 
its dependence upon the interpretation of 
data, suggests that the course in elemen- 
tary algebra be so revised that its method 
and content will contribute to this im- 
portant objective of general education, the 
interpretation of data. 


GENERAL PROCEDURE 


Although mathematics materials were 
used and progress was made in objectives 
peculiar to mathematics, the study was 
limited to an accounting of changes in the 
ability of students to interpret data. Two 
groups of ninth-grade algebra students in 
the William Grant High School, Coving- 
ton, Kentucky, were taught for the express 
purpose of improving their ability to in- 
terpret data. Intelligence quotients and 
reading abilities of the students were ob- 
tained through the administration of 
standard tests, and an inventory was se- 
cured of abilities in the interpretation of 
data. 

Study guides designed to promote stu- 
dent command of the behaviors associated 
with the ability to interpret data were 
constructed for use with the groups; no 
textbook was used. Students were stimu- 
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lated to discover the rules and generaliza- 
tions that are usually given to them 
through textbooks as well as generaliza- 
tions associated with their environment. 
Frequent discussions were conducted to 


sensitize students to the importance and 
utility of interpreting properly. 
Toward the close of the year, the test on 
interpretation of data was re-administered 
to the groups.’ 

The work for the school year consisted 
of four units and the principal teaching 
devices used throughout the year were 
study guides. The emphasis in each study 
guide was on the development of ideas 
through inductive reasoning. An expected 
outcome of each guide was the formulation 
of a generalization by the student based on 
specific problems previously solved in the 
study guide. The first unit, titled “The 


data 


Language of Algebra,’”’ was concerned 
with helping students to gain an apprecia- 
tion of the role of symbolism in the com- 
munication of ideas and the following were 
the unit objectives: 

1. Appreciation of the role of symbolism 
in communication of ideas 
Ability to recognize and 
linear relationships 
a. In tables of values through com- 

puting first differences in depend- 
ent variables 
b. In graphs by computing slope 
Ability to distinguish between ap- 
proximate and functional relations 
Ability to interpret data which are 
tabular 


predict 


presented in graphical or 

form 

a. To “read between. the lines’’ (in- 
terpolate) with caution 

b. To “go beyond the data’ (ex- 
trapolate) with caution 
To relate the domain of independ- 
ent variables to the range of the 
corresponding dependent. variable 
To evaluate conclusions and gen- 
eralizations reached by others in 


3 Interpretation of Data Test (Lower Level), Co- 
operative Test Division, Educational Testing Service, 
Princeton, N. J. 
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their interpretation of data 

To relate changing slopes to cor- 

responding changes in tables and 

formulas 
Ability to substitute values of inde- 
pendent variables in formulas and 
equations in order to find correspond- 
ing value of dependent variable 
Ability to change the subject of a 
formula or equation 

7. Ability to reach conclusions induc- 

tively 

The second unit, titled “Extending the 
Number System,”’ illustrated the power of 
Hindu-Arabic numbers especially when 
compared with the clumsy Roman System. 
The inadequacy of a number system in- 
volving only positive integers was con- 
sidered, and it was expanded to meet the 
demands of subtraction in all situations. 
The fundamental operations were de- 
veloped through conditional equations. 
The following were the unit objectives: 

1. Understanding of relations between 

the following operations: 

a. Addition and counting 

b. Addition and subtraction 

ce. Multiplication and addition 

d. Subtraction and division 

e. Multiplication and division 
Appreciation of the efficiency of 
Hindu-Arabic notation in compari- 
son with Roman notation. 
Appreciation of the wider utility of 
directed numbers in comparison with 
arithmetical numbers. 
Understanding of the fundamental 
operations with directed numbers. 
Ability to reach conclusions induc- 
tively. 

Understanding of the assumptions 
used in the solution of conditional 
equations. 

Ability to give general solutions for 
equations of the forms: ax=b and 
ax+b=c. 

The third unit, titled “Approximate and 
Functional Relationship,’’ was an enlarge- 
ment of unit one. Through demonstrations 
and discussions, students were helped to 
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develop inductively a number of formulas 
involving areas and volumes of common 
geometric figures. Problems were intro- 
duced in which the data were to be as- 
sembled and processed through the appli- 
‘ration of certain elementary statistical 
concepts. The conclusions and generaliza- 
tions drawn from these data represented 
approximate relationships. Classwork pro- 
ceeded from problems which produced 
limited and inaccurate generalizations to 
those which produced nearly linear rela- 
tionships. Linear relationships were con- 
sidered through many situations illustrat- 
ing applied mathematics. Such items as 
the relation between the table, graph, 
verbal statement, and formula, and espe- 
cially the relation between the slope of a 
graph, the constant differences in the cor- 
responding table of values, and coefficient 
of the independent variable in the formula 
were points of major emphasis. Simultane- 
ous linear equations were approached 
through an analysis of the fares charged 
by two taxicab companies. 

The study of relations was extended to 
include symmetric, transitive, and re- 
flexive relations. 

The fourth unit titled, ‘Extending 
Operations in the Number System,’ was 
concerned with developing an understand- 
ing of the principles relating to the use of 
exponential quantities and the simple 
quadratic functions, y= az’, y=az?+b and 
y =ax*?+bz. The principles relating to the 
multiplication and division of exponential 
quantities were derived by students in- 
ductively. Constant second differences in 
a table of values and a curve of second de- 
gree were compared with constant first 
differences in a table of values and the 
corresponding linear function. Applica- 
tions of quadratic functions were made in 
the study of stopping distances required 
for moving vehicles. The objectives of this 
unit were similar to those of units one and 
two, extending and enriching the same 
major ideas. 

The objectives concerning the ability to 
interpret data and the ability to reach con- 


clusions inductively represented the over- 
all purposes of the study and operated in 
any activity where the instructor saw an 
opportunity to provide experience toward 
their development. Actually, all other ob- 
jectives were subsidiary and were devel- 
oped for the purpose of giving more pro- 
found meaning to the ability to interpret 
data and the ability to reach conclusions 
inductively. The writer’s efforts were 
directed constantly and persistently to- 
ward the development of these two 
abilities. 
RESULTS 

At the outset the outstanding weakness 
of most students was their tendency to 
extrapolate or to go beyond the limits of 
the data in reaching conclusions. This is 
shown in Table 1, by the high mean De- 
cember scores in row 5. From the data, the 
instructor concluded that students at this 
stage had a tendency to ascribe truth or 
falsity to interpretations which the data 
would not justify. 

An inspection of the December, 1950, 
mean scores and the June, 1951, mean 
scores on the Interpretation of Data Test 
indicates that the students of section 1 
improved in general accuracy (row 1), 
ability to evaluate statements involving 
insufficient data (row 3), and ability to 
evaluate statements which involved going 
beyond the limits of the data (row 5). 
There was no apparent growth in the 
ability to evaluate statements which, on 
the basis of the data, were definitely true 
or definitely false (row 2). The tendency to 
require more qualifications than necessary 
on the basis of the given data was not im- 
proved as shown in row 4. There was no 
change in the mean score on crude errors 
—true statements marked false, and vice 
versa (row 6). (High scores are desirable 
in the first three behaviors, and low scores 
in the last three.) 

Students in section 2 improved in all 
categories of the test except ‘‘crude error.” 

The changes in mean scores for the two 
sections are shown in Table 2. The great- 
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TABLE 1 


Scorges By Two CLASSES ON INTERPRETATION OF Data TEST 
DEcEMBER 1950-—JUNE 1951 














SECTION 1 SECTION ‘ 





Dec. 


Score 


June 
Score 


Dec. 


Score 








Highest Score 
Mean 
Lowest Score 


78 
47 
20 


84 
59 


18 


80 
54 
28 





Highest Score 
Mean 
Lowest Score 


80 
54 
28 


76 
60 
20 


80 
62 
40 





Highest Score 
Mean 

Lowest Score 
Highest Score 
Mean 

Lowest Score 


Insufficient Data 


(4) 


Over-Caution 


Highest Score 
Mean 
Lowest Score 


Going Beyond 
Data 


(6) Highest Score 
Crude Error Mean 
Lowest Score 


96 
40 
8 





32 





TABLE 2 


MEAN GAINS ON INTERPRETATION OF Data TEsT 








PERCENTAGE OF ACCURACY 


STUDENTS ail 
T'rue- 
False 


General 
Accuracy 


Insufficient 
Data 


PERCENTAGE OF ERRORS 





Over- 
Caution 


Crude 
Error 


Beyond 
Data 





Section 1 
Section 2 


—2 0 


5 j ~] 








est mean gains for both sections were 
registered in the categories, “insufficient 
data” and “beyond data.’”’ The latter 
category was the outstanding weakness in 
both sections according to the data se- 
cured from the first administration of the 
test. It is evident that several of these 
changes are statistically insignificant, e.g., 
the changes in ‘crude error’’ scores for 
both sections and the changes in “‘true- 
false’ and “‘over-caution”’ scores for sec- 
tion 1. 


Values for t were computed to determine 
the significance of the gains.‘ A study of 
these values suggested the following con- 
clusions: 

1. Generally, students made significant 
improvement in ability to perceive various 
types of relationships in data. The types 


4 For the detailed computation of ¢ values, the 
reader is referred to the writer’s complete report on 
the study: William N. Jackson, ‘“‘The Role of Algebra 
in the Development of Relational Thinking’ (Un- 
published dissertation, Ohio State University, 1952), 
Chapter VI, pp. 217-220. 
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of relationships evaluated included those 
involving: 

a. Comparison of points in the data. 

b. Identification of common elements in 
the data. 

. Recognition of or comparison of 
trends. 

. Judgment of statements which can- 
not be justified without the use of 
information from other sources. (Stu- 
dents showed greatest improvement 
in evaluating this type of relation- 
ship.) 

2. Students made significant improve- 
ment in recognizing the limitations of the 
data, as shown by: 

a. Their general accuracy scores. (In 
June, more true statements were 
rated as true, false as false, and the 
like, than in December.) 

. The reduction in tendency to ascribe 
truth or falsity to interpretations 
which the data would not justify, 
i.e., students tended to overgeneral- 
ize less in June than in December. 

3. One section (section 2) made sig- 
nificant improvement in recognizing the 
limitations of the data as shown by the 
over-caution score. These students tended 
less toward requiring more qualifications 
than necessary on the basis of the given 
data. 

The question arises now concerning the 
reasons for lack of pupil growiu in the 
categories of true-false and crude error. A 
possible answer to the question lies in the 
low reliability coefficients of the crude 
error scores.5 No reliability coefficients 
were available for the true-false score. 
However, descriptions of procedures for 
constructing Test 2.71 (Interpretation of 
Data Test, Lower Level) and Test 2.52 
(Interpretation of Data Test, Upper Level) 
were almost identical except for simplifica- 
tions in vocabulary and responses, and 
selection of problem situations for Test 
2.71. The following statement is made by 


5 E. R. Smith and R. W. Tyler, Appraising and 
Recording Student Progress (New York: Harper and 
Bro.. 1942), p. 65. 


Smith and Tyler concerning true-false 
statements in Test 2.52: “...for these 
populations the reliability coefficients for 
all scores except crude errors and accuracy 
with true-false statements are sufficiently 
high for group interpretation.’’ 

From this information it is obvious that 
conclusions cannot be reached relative to 
student growth in the true-false and crude 
error categories. 

Another point to be considered is that 
students generally are alert to interpreta- 
tions which are drawn from sufficient 
facts (e.g., true-false statements). Teach- 
ing, especially in mathematics, is based on 
problem situations which present suffi- 
cient data for solutions. Rare indeed is the 
teacher who uses problem situations which 
have superfluous data or insufficient data 
for the solution of the problem. It is quite 
possible that these students had had much 
experience in earlier grades with definitely 
true and false statements. The teacher of 
these classes was also inclined toward an 
emphasis in teaching which would reduce 
the general tendency to go beyond the 
limits of the data, the weakness discovered 
from an analysis of the initial test results. 

The changes in all categories represent 
growth over a seven-month period, since 
the Interpretation of Data Test was first ad- 
ministered in December—three months 
after the beginning of the school year. It 
is possible that the changes in all categories 
would be more significant if the first ad- 
ministration had been in September. 


RECOMMENDATIONS 


As a result of the study, the following 
recommendations are made for the con- 
sideration of those interested in mathe- 
matics education: 

1. Algebraic skills should become subordi- 
nate in importance to skills involved in reason- 
ing by induction and in the interpretation of 
data. The efforts of teachers and students should 


be focused on refining student reasoning abilities 
rather than the accumulation of a stockpile of 


6 Ibid., p. 75. 
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manipulative skills with algebraic symbols, that the students with higher intelligence quo- 
many of which will never be used again by the tients made more significant progress in the in- 
students generally. terpretation of data than the students of lower 
2. Operation, the skill commonly taught in intelligence.) If students of lower intelligence 
elementary algebra, should be supplemented were given simplified materials, then their prog- 
and enriched with an understanding of the con- ress might be more perceptible. 
cepts of relationship, number, symbolism, proof, 4. Textbooks should be written in a manner 
and measurement. The concept of relationship which will encourage student thinking, by 
should be given precedence over the concept of stimulating student-teacher development of al- 
operation, thus becoming the hub from which gebraic principles. 
other concepts radiate. 5. Teacher training institutions should give 
3. The mathematics teacher should plan concerted attention to planning the experiences 
activities involving the interpretation of data of prospective mathematics teachers which will 
which are commensurate with the native intelli- make them competent for training students to 
gence of the student. (In this study it was found become better thinkers. 





A Merry Christmas 
for my geometry teacher 


By June Nelson (Senior), Paschal High School, 
Fert Worth, Tezas 


If it should snow on Christmas day, 

I’m sure my geometry teacher would say, 

‘*There must be a Santa Claus to bring such joy, 

For this is much finer than any toy.” 

I’ve been told snow flakes are geometric designs, 

So there would be no end of triangles, and 
squares, and all sorts of polygons. 

There are angles to be proved equal, and tri- 
angles alike, 

Why, this is better than any shiny new bike. 

There are circles and squares and trapezoids 
galore, 

Why, what geometry teacher could ask for more? 

He’s often quoted: “‘I’d rather do geometry than 
go to bed.”’ 

Maybe he’ll have a chance to do just as he said. 

Maybe it will snow for my teacher’s sake, 

And he can enjoy Christmas finding the area of 
each tiny snow flake. 





“As regards motivation of definitions, I 
think it desirable for the student to know where 
he is going. Tentative definitions should be tried 
and shown to be faulty. Thus the e —é definition 
of limit should crystallize only after some pre- 
liminary fumbling with ‘definitions’ which 
‘really don’t capture the idea which we are 
after.’ Note that the idea should precede the 
definition. The non-uniqueness of ways of de- 
fining some concept should be indicated.’’— 
Howard Raiffa, “Mathematics for the Social 
Scientist,”” The American Mathematical Monthly, 
October 1954 
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Integrated mathematics and physics 


MALCOLM SMITH, Putney School, Putney, Vermont. 

Those teachers interested in a correlated or functional approach 
to mathematics will enjoy reading cbout an effort to teach physics 
and mathematics in the same course at the Putney School. 


INTERMEDIATE ALGEBRA and physics can 
be taught together as an integrated course. 
The mathematics does not become just an 
adjunct of the science. The physics does 
not appear merely as an incidental applica- 
tion. The two can flow along together and 
both be strengthened by the process. 

We have been teaching such a course 
for the past two years. Our “math-physics’’ 
is taught for two years in the tenth and 
eleventh grades. Extending the study of 
these subjects over a two-year period 
seems tc encourage a more thoughtful and 
careful development of the essential ideas 
and skills, even though no more time is 
actually devoted to them. Additional ad- 
vantages accrue, since the study of algebra 
is continued uninterrupted for three 
grades, and plane geometry is commonly 
taken the same year as algebra, so the 
important correlations between the two 
can be readily pointed out. 

We have been guided by two general 
principles in formulating a plan for the 
course. First, we attempt, as far as practi- 
cable, to follow an inductive line of de- 
velopment from specific observation, to 
physical law, to mathematical abstraction. 
Second, we believe that the concept of a 
function is of primary importance—not 
only because it aids the solution of physi- 
cal problems, but, more significantly, be- 
cause it facilitates the learning of later 
mathematics. 

To implement these ideas in the class- 
room, we begin by posing a laboratory 


problem and devising with the class the 
apparatus and technics needed to investi- 
gate it. When we have collected the set of 
data, we analyze the results in search of a 
verbal statement to explain the observa- 
tions, then formulate it in algebraic form. 
The general statement can, of course, be 
used for predicting what would occur in 
other similar situations. If the process 
stopped here, it would be a limited matter 
of learning the art of formulation and com- 
putation—an important and useful part of 
mathematics, but only the beginning. 

To make full use of our empirically de- 
rived law, it must be rearranged, or sim- 
plified, or somehow changed to solve a 
variety of problems. In answer to these 
demands, we can present the rules of alge- 
braic operation in a motivated setting. 

But, beyond this, we proceed to a higher 
level of abstraction, discussing similar 
expressions and functions—some applied 
to the physical world, others treated as 
pure mathematics. Finally we break away 
from the concrete basis and view the alge- 
braic statement as an entity of powerful 
significance in its own right. In time, we 
can make clear that mathematics is not an 
outgrowth of natural events, but a collec- 
tion of rules and procedures that can be 
useful in describing occurrences in the 
realm of matter and energy. 

Consider two examples of how these 
methods can be applied: 

The relationship between pressure and 
depth in a liquid is an ideal introduction to 
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linear functions. A simple pressure gage, 
such as a thistle tube or funnel connected 
with flexible tubing to a U-tube manome- 
ter, is immersed to measured depths in a 
tank of water, and pressure readings are 
recorded. At this point we can help our 
students gain a new level of understanding 
by discussing the data, not as numbers 
that have to be “written up,’”’ but as a 
problem of interpretation in which mathe- 
matics holds the key. 

Out of such a discussion comes a sense 
of the uniform nature of the change; by 
immediately graphing the information, 
this uniformity becomes closely associated 
with linearity. In this one exercise we meet 
problems such as: scale, the handling of 
approximate measurements, and the for- 
mation of a linear function from pairs of 
values. 

From this starting point we can go as 
far as we wish in both areas. We can draw 
from physics numerous other illustrations 
of linear relationships. With firm roots in 
the everyday world, we can investigate 
fully the general properties of the straight 
line—its slope, intercepts, etc. Here, too, 
are clearly used the several ways of ex- 
pressing a function. 

For the second example, let us show 
how the alliance with physics can bring an 
exciting meaning to complex numbers. Of 
course, the most common use of complex 
numbers in more advanced physics is to 
describe vectorially the action of alter- 
nating currents. Although this is probably 
too involved for most high school stu- 
dents, a far simpler application is readily 
available. 

If the study of forces and motion is de- 
layed until near the end of the course, it is 
possible to examine vectors at a time when 
the students have enough conceptual 
background to handle “imaginaries’’ and 
the concomitant simple trigonometry. 
There are many ways in which the vector 
notion may be introduced; addition of non- 
parallel forces is probably the simplest, 
leading to the representation of distances, 
velocities, ete. One extremely rewarding 


sideline is the study of aircraft navigation, 
in which the manipulation of vectors plays 
a vital role. 

If we begin with a laboratory exercise in 
which two concurrent forces and their 
vector sum are actually measured (by 
spring balances, for example), the con- 
cepts of magnitude and direction become 
grounded in observable fact. The next step 
toward increasing generality is graphical 
treatment of various problems of addition 
and subtraction, with particular attention 
to the resolution of a vector into orthog- 
onal components. This latter operation is 
then transferred to the Cartesian coordi- 
nate plane, in which framework the alge- 
braic form of complex numbers can 
readily be presented. 

The x+y notation seems a more under- 
standable approach for intermediate alge- 
bra students, and it can be used to demon- 
strate the fundamental operations. Since 
only right triangles need be involved, the 
resultant vector can be determined by ele- 
mentary trigonometric means. And most 
significant, the work will not be just ma- 
nipulating ‘‘imaginaries,’’ because it is al- 
ways possible to jump back to the world 
of forces and movement. 

It is not essential to be tied to concrete 
experience. The experience started with a 
geometric interpretation and was sym- 
bolized by means of algebra. Now it is pos- 
sible to lead our students further. At least, 
we can give a clear meaning to the roots 
of z?+1=0. We can certainly show how to 
graph complex roots, and many students 
will want to pursue this further. 

It may be argued that we have picked 
two especially suitable topics to support 
the thesis that the integration of mathe- 
matics and physics is desirable. This is 
true to some extent and therein lies a 
great challenge to the ingenuity of the 
teacher. The integration is not easily 
made, and there have been few previous 
attempts that can serve as a guide for new 
efforts. 

There are other benefits in this plan for 
the cause of mathematics teaching in 
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general. It is well known that engineering 
has long been a quantitative art. It is be- 
coming increasingly apparent that valid 
descriptions of physical reality must be 
stated in mathematical terms. Yet, there 
is a discernible trend in science teaching 
to minimize the numerical aspects and to 
be satisfied with verbal generalizations. 
This tendency would seem to be carrying 
our students further awvay from the goal of 
gaining knowledge useful in a _ techno- 
logical society. 

The elimination of mathematics in sci- 


ence courses and the weakened position of 
mathematics in the curriculum are often 
justified on the ground that a numerical 
approach is too abstract, too “difficult’’ 
for our new high school population. We 
believe that the difficulty in both can be 
alleviated by encouraging a constant inter- 
play between the concrete applications in 
physics and mathematical reasoning. 
Math-physics, a relatively unexplored 
area, may offer an opportunity for both 
algebra and physics to regain their stature 
in the modern curriculum. 











Used by permission of the 
Saturday Review of Literature. 


“Maybe he knew too much. 





” 


Integrated mathematics and physics 537 





The place of the variable in the teaching 


of mathematics 


BARNETT RICH, Brooklyn Technical High School, New York City. 


The general concept of a variable is a difficult one. This paper 


offers suggestions for highlighting some important aspects 


WHAT Is THE PLACE of the variable and its 
manifold relationships in the teaching of 
mathematics? This question is one of 
fundamental importance from arithmetic 
through the most advanced branches of 
mathematics. The great power of the 
functional relation in the unification of 
many fields of mathematics has been set 
forth voluminously in reports, articles, 
and texts. In fact, the ideas concerning 
varying quantities and the relationships 
among such quantities have largely deter- 
mined the character of mathematics ever 
since their introduction about the seven- 
teenth century. 

Not only mathematics but every sci- 
ence, physical, biological, chemical, eco- 
nomic, and social, is vitally interested in 
the study of variations in quantities in or- 
der to control and predict their changes. 
Whitehead emphasized the significance of 
this in these words: ‘“To see what is gen- 
eral in what is particular and what is per- 
manent in what is transient is the aim of 
modern science.’’ The answer to the ques- 
tion concerning the place of the variable 
will prove of service in the improved cor- 
relation of mathematics with every field 
of quantitative thinking. 

Indeed the concept of the variable goes 
beyond quantitative thought. In his book, 
An Inquiry into Truth, 
Bertrand Russell asserts that the function 
of variables is exactly that of general 


Meaning and 


of this concept. 


words. The process of generalization is 
one of substituting either some value or 
all values of a variable.? In point is an 
oft-repeated story of a visitor to a high 
school who observed a student demon- 
strating an isosceles triangle theorem. 
According to the student, the theorem 
showed that if AB=BC, then ZA=ZC. 
The teacher said that this statement was 
in a particular form and in that form was 
of little value. The correct answer should 
have been: “If two sides of a triangle are 
equal, the angles opposite them are equal.” 
Later in the day, the visitor observed an 
English lesson about Silas Marner. One 
student explained that Silas Marner, when 
he was accused of stealing money, ran 
away. But his running away didn’t do him 
any good. Another student criticized this 
answer by saying that it is of little value 
to put it in a particular form. It is better 
to say: “When a person is accused of 
stealing money, he shouldn’t run away. 
It will not do him any good.” The term 
“person” as used by the last student is a 
variable. 

In its most general sense, a variable is a 
symbol which may represent any one of a 
class of elements. Such elements may or 
may not be numbers. In this article, only 


! Bertrand Russell, An Inquiry into Meaning and 
Truth (New York: W. W. Norton and Company, 
1940), p. 302. 

2 Ibid., p. 333. 
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variables will be discussed which may take 
on any of the numbers of some set, such 
as the set of positive integers, the set of 
rational numbers, all numbers between two 
given numbers, or the set of all numbers. 

If a major aim of mathematics teaching 
is the use of those measures which will 
promote the understanding of the concept 
of a variable and the growth of a student 
in his ability to apply such understanding, 
then the teaching of mathematics must 
stress continuously the idea that letters 
in an algebraic expression or equation are 
to be thought of primarily as variables. 
The following are methods of developing 
the role of letters as variables: 


In algebraic expressions the notion of 
the variable is of the very essence, un- 
derlying every operation on the expres- 
sion. For example, when expressions 
are first studied, the process of combin- 
ing the simplest of expressions such as 
2x and 3x should be understood to con- 
cern x as a variable. For example, the 
statement that ‘2 is the ratio of 2x to 
3x”’ should be understood to mean that 
the value 2 will be the same for the ratio 
of these two quantities no matter what 
value may be used for zx. If we must 
check the sum of such expressions as 
(2x+4y) and (x—2y), the usual method 
is to use some simple integral value for 
x and y. The fact that they are variables 
enables the student to realize that any 
numerical values could be used for the 
purpose of checking. 

Growth in the idea of the variable 
will be further expedited through the 
earlier and more extensive teaching of 
the identity. For example, the fact that 
52x is the sum of 2x and 32 should lead 
at once to the statement of this fact 
in the equality 27+32r=52 and the 
recognition on the part of the student 
of the truth that the equality is an un- 
conditional one in contrast to a condi- 
tional equality such as 2x+32=15. The 
simplification of 4(2+2)—2(z+4) to 
2x should lead to the identity, 


4(x+2) —2(4+4) =2z2, 

and the understanding that, for any 
value that x may have, the entire left- 
hand side of the identity will in every 
case have twice this value. 

In an equation such as 22+3=13, x 
may be regarded as a variable which 
may take on many values but only one 
of which makes the expression 2x+3 
equal to 13. Even before the usual tech- 
niques for solving equations are taught, 
students can determine quite readily for 
a set of values of xz the corresponding 
values for the expression 27+3. In 
this way, not only will the answer to 
2x+3=13 be obtained, but also the 
roots of other equations where 27+3 
has other values. The values of x and 
the corresponding values of the expres- 
sion may then be tabulated and these 
pairs of values plotted graphically in 
order to exploit fully the notion of the 
variable. 

In a formula such as C=NP, the sym- 
bols C, N, and P should not be deemed 
abbreviations for words or expressions, 
but rather they should be thought of as 
variables representing the values that 
may be used for the price of an article, 
the numbers of articles purchased, and 
their total cost. If letters are merely 
abbreviations, then not only do formu- 
las have little if any meaning, but gener- 
alizations of formulas such as zy=z 
have no meaning whatsoever. 

If x—or any other letter or symbol—is 
placed on a line or in an angle, it should 
not be regarded primarily as the label 
for the line or angle. Far more important 
is its role as the variable representative 
of the range of measurements that the 
length of the line or the size of the angle 
may have. 


5. In problem-solving, do not neglect meth- 


ods for solving problems where such 
methods involve variables. Methods 
for solving problems in terms of vari- 
ables not only are of value in develop- 
ing the concept of the variable, but also 
lead to equations that are applicable 
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to other related problems. Here are 

some problems and their solutions in 

terms of variables to show how this 

may be done: 

a) Some time ago, razor blades were 
sold for 49¢ if their container had 
10 blades. However, if this same 
container had 20 blades, they cost 
69¢. What was the price of each 
extra blade? In the solution of this 
problem, there are two variables, 
namely, the number of blades and 
the total cost of the blades. Evi- 
dently the added 20¢ was due to 
the extra 10 blades. Hence, each of 
them costs 2¢. 
If a mixture of tea worth 60¢ a 
pound is to be mixed with tea worth 
90¢ a pound, how many pounds of 
the cheaper grade must be mixed 
with 30 pounds of the more expen- 
sive kind in order to make a mixture 
that will sell for 80¢ a pound? 

In this problem, the prices of the 
two grades of tea have been changed 
from their original price to the new 
price of 80¢ a pound. The increase 
of 20¢ a pound for each pound of the 
cheaper grade must be balanced by 
a decrease of 10¢ a pound for each 
pound of the dearer one. Hence, if 
x and y represent respectively the 
number of pounds of the cheaper 
and the more expensive teas, then 
20z=10y or x=3y. Accordingly, if 
y =30, then z=15. 


6. In the creation of new mathematical 


problems, once a problem has been 
solved, new problems may be designed 
leading to the same algebraic equation 
and the same numerical answer, pro- 
vided the new formulas to be used have 
the same general formula structure as 
the original problem. For example, 
the following problems involve formu- 
las which, like that of the formula in 
the tea problem, (5b) above, are special 
eases of the general formula zy =z. 
Here is an opportunity for designing 
problems and, in so doing, to develop 


pupil as well as teacher creativity. All 
our new problems will yield the same 
equations as well as the same numerical 
answer, 15. The denominate unit to be 
attached to this answer will vary with 
the problem in question. 

a) If a solder having 60 per cent lead 
is to be combined with one having 
90 per cent lead, how many pounds 
of the former must be mixed with 
30 pounds of the latter to yield a 
solder having 80 per cent lead? 
Answer: 15 lb. 

If a weight hanging from the 60 cm. 
mark of a bar having negligible 
weight is to be balanced by a second 
weight at the 90 cm. mark, how 
many grams must there be in the 
first weight to balance 30 grams of 
the second weight if the fulcrum 
is at 80 em? Answer: 15 gm. 
During the first race, Mr. Brown 
averaged 60 MPH. In the second 
race over another route, he aver- 
aged 90 MPH for 30 minutes. If 
his average speed for both races is 
80 MPH, how long did he take to 
cover the first distance? Answer: 
15 minutes. 

The designing of new problems having 

the same formula structure has proved 

of value to the slow pupil. 


. In the motivation of the teaching of vari- 


ables, magic squares may be utilized 
through the simple expedient of plac- 
ing the same letter or expression in a 
magic square already constructed. 


To illustrate this, let us begin with 
the magic square in Figure 1. Now place 
the variable x into the magic square as 
shown in Figure 2. The new magic 
square is ready to be evaluated for as 
many values of the variable as may be 
desired. Powers of z, such as 2’, may 
be introduced into the magic square, 
as in the second part of Figure 2, and 
evaluated. 

The magic square once evaluated 
must be checked “all the way around.” 
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Figure 1 


Original additive magic square 


This means that the sums obtained in 
eight ways must agree; horizontally, 
vertically, and diagonally. 

The device of the magic square is not 
one for mathematics club use solely. It 
should be readily apparent why, when 
properly used, magic squares can arouse 
interest and stimulate pupils to valua- 
ble self-activity in arithmetic and alge- 
braic study. 

The use of the variable z as a base for 
the magic square in Figure 1 leads to 
the new multiplicative magic square in 
Figure 3 and suggests another direction 





9x 5 | = 
Figure 2 


New additive magic square (algebraic) 


for making the most of magic squares 
in the mathematics teaching.! 


x3 
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| 
| 
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x x 
Figure 3 


New multiplicative magic square 


1 Barnett Rich, ‘Additive and Multiplicative 
Magic Squares,’”” Tot Matuematics TracHer, Vol. 
XLIV (December 1951), p. 557-559. 





Some Large Numbers 


Let us consider four large numbers: (1) a 
billion is 10%, (2) the number S =10*, (3) the 
googol defined to be 10, and (4) the googolplex 
defined to be 1 followed by googol zeros. 

It would be interesting and helpful for stu- 
dents to have some conception of the size of 
these numbers. 

1. A billion is larger than the number of 

seconds in thirty years. 

2. S is a number larger than the total num- 
ber of snowflakes that would fall on the 
whole surface of the earth in a million 
years. 

. A googol is larger than the number of 
atoms in the visible universe. 

. Finally, a googolplex is so large that if it 
were typed on a straight ribbon of paper, 
a ray of light could travel along the strip 
for 2S centuries and it would still not be 
to the end of the strip.—-Pope R. Hill, Sr., 
University of Georgia 
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Developing a logical concept 


in elementary mathematics 


GERTRUDE HENDRIX, Eastern Illinois State College, Charleston, Illinois. 


This is an attempt to bring the concepts of mathematical logic 


within the grasp of the high school student and, 


at the same lime, develop a better foundation for indirect proof. 


THE MATERIAL about to be presented is 
being used in an eleventh-grade class in 
solid geometry. The concept which emerges 
from the material has helped to create 
poise in place of the insecurity which many 
pupils feel toward indirect proof. The 
strongest need for this help arises in con- 
nection with those relations between lines 
and planes in space—theorems verbalizing 
some of the insights into space relations 
which are prerequisite to success in de- 
‘seriptive geometry or general engineering 
drawing. 

Development of the 
individual attempts to 


concept begins 
with a problem— 
select by common sense, or the “feel of 


the thing,” sentences which must have the 


INTRODUCTORY 


Directions: In each of the following six sets 
of sentences, if the first sentence is assumed to 
be true, which of the others, if any, must also 
be true? Which, if any, must be false? Record 
your opinion, if you have one, by writing ‘“‘T”’ 


same truth value as a given sentence. 
The problem lists of sentences begin with 
examples in which appeal to factual inter- 
pretation of the sentences can help the 
student to make decisions. The last exam- 
ple uses words for which the learner has no 
factual interpretation, so that for a de- 
cision he is forced to concentrate on rela- 
tions between sentence forms. The intro- 
ductory problem material culminates in 
an opportunity for the learner to give be- 
havioral evidence of being aware of the 
new concept. The following exercises, on 
which students may well spend a class 
period and a succeeding homework as- 
signment, illustrate the initial develop- 
mental procedure. 


EXERCISES 

for, “me.” or “P" fer “false,” ce “U" for 
“undetermined by Sentence A,” in the blank at 
the right of each sentence. If you have no opin- 
ion concerning the truth value of a sentence, leave 
its space blank. Interpret ‘“‘or’’ as ‘‘and/or.”’ 


A. If Robin is a dog, then Robin eats bones. (Premise.) 


Robin eats bones, or Robin is not a dog. 


It is impossible for Robin to be a dog and not eat bones. 


. If Robin does not eat bones, then Robin is not a dog. 


It is not the case that if Robin is a dog, then he must eat bones. 


Robin is a dog, and he does not eat bones. 


If Robin eats bones, then Robin is a dog. 


. If Robin is not a dog, then Robin does not eat bones. 


Robin is a dog, or Robin does not eat bones. 


.. It is impossible for Robin to eat bones and not be a dog. 


Robin eats bones, and Robin is not a dog. 
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A, It is raining, or it is snowing. (Premise.) 
B. It is not snowing, and it is not raining. 
it is snowing, then it is not raining. 
f it is not snowing, then it is raining. 
| it is not raining, then it is snowing. 
is not the case that it is neither raining nor snowing. 
it is raining, then it is not snowing. 


is not raining, or it is not snowing. 
III 


'a pooka is a mammal, then it is not fish. (Premise. ) 
pooka is either not a mammal, or not a fish. 
f a pooka is not a mammal, then it is a fish. 
a pooka is a fish, then it is not a mammal. 
pooka is both a mammal and a fish. 
pooka is either a mammal or a fish. 
is impossible for a pooka to be a mammal and also to be a fish. 
is impossible for a pooka to be not a mammal and not a fish 
pooka is neither a mammal nor a fish. 


fa pooka is not a fish, then it is a mammal. 


IV 


If quadrilateral X YZW isa rectangle, then it has equal diagonals. (Premise. ) 


If XYZW is not a rectangle, then it does not have equal diagonals. 

If X YZW has equal diagonals, then it is a rectangle. 

It is impossible for X YZW to be a rectangle and not have equal diagonals. 
Quadrilateral XYZW has unequal diagonals, and it is a rectangle. 

If XYZW has unequal diagonals, then it is not a rectangle. 

Quadrilateral XY ZW is not a rectangle, or it has equal diagonals. 


. Quadrilateral X YZW is a rectangle, or it has unequal diagonals. 


If there is no cloud, then it is not raining. (Premise.) 

If there is a cloud, then it is raining. 

If it is raining, then there is a cloud. 

It is not raining, or there is a cloud. 

If it is not raining, then there is no cloud. 

It is impossible for it to be raining and there not to be a cloud. 

There is no cloud, but it is raining. 

VI 

A. It is impossible for a mallin to have two equal jakes and not be a bulin. (Premise.) 
B. If a mallin has two equal jakes, then it is a bulin. 


C. If a mallin is a bulin, then it has two equal jakes. 


D. If a mailin is not a bulin, then it does not have two equal jakes. 
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E. There exists a mallin which is not a bulin but which does have two equal jakes. 


F. A mallin is a bulin, or it does not have two equal jakes. 


G. A mallin has two equal jakes, or it is not a bulin. 


Directions: In each of the next three exercises, write three more sentences which must have the 


same truth value as the given sentence, A. 


A. If the Baron is a Dachshund, then the Baron is a dog. 


B. 
C. 
D. 


B. 
C. 
D. 


VIII 


A. If two planes are perpendicular to the same line, then the two planes are parallel. 


A. If Charleston defeated Newton last night, then Eastern leads the League. 


B. 
C. 
D. 


As soon as there is evidence in Exercises 
VI, VII, VIII, and/or IX that students 
are aware of forms of sentences either of 
which, if true, will guarantee the truth of 
the other, the concept needs a name. Two 
sentences are said to be logically equivalent 
(or L-equivalent) if they must both be 
true or both be false. The name of our new 
concept is logical equivalence. 

At this stage the concept is vague and 
delicate and easily mutilated. We need a 
precise, non-controversial device by which 
to check each judgment expressed in the 
exercise blanks, some systematic way of 
resolving class disagreements and differ- 
ences of opinion. The powerful device for 
this purpose is the simple little semantical 
system known in symbolic logie as truth 
tables. 

Here we must take time out for a mo- 
ment to distinguish between logical truth 
and factual truth. If we ask, ‘‘How is the 
weather out there now?” and receive the 
answer, “It is raining,” the reply has a 
factual truth value which is to be deter- 


mined by empirical investigation. To con- 
firm or reject the report requires that we 
go look for evidence. But if our question 
evokes the reply, “‘It is raining, or it is not 
raining,” the sentence cannot be false. 
We can judge its truth even if we do not 
know the meaning of the word “raining.”’ 
The sentence, “It is raining, or it is not 
raining,” is logically true; its truth value 
is not dependent on empirical investi- 
gation. Likewise, the sentence, “It is 
raining, and it is not raining,” is logically 
false. 

We have heard (and glibly repeated) 
much these last few years about mathe- 
matics being neither true nor false. We 
have been saying that mathematical dis- 
course is not factual, that it denotes noth- 
ing in the physical universe—in other 
words, that mathematical sentences can 
have logical truth only, a quality whose 
presence or absence is to be judged by 
validity or by inconsistency. 

But some of our behavior as mathe- 
matics teachers looks very strange against 
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this background of learned talk. We point 
out that we are saying nothing about real- 
ity when we say: 


If z+ y= 288, 


' l5y 
and 10x+ as = 2690, 


then 202+15y = 5380, 
and 4z+ 3y=1076, 
and 32+ 3y= 864. 
Then 2 = 212. 
Then 212+ y= 288, 
and y= 7%. 


“Factual truth has nothing to do with 
the case,’’ we say. But do we act as if we 
mean it? Suppose we had started with the 
following problem: 

The juniors had 24 dozen taffy apples to sell 
at the football field refreshment stand at 10¢ 
each. At the end of the half intermission they 
cut the price to 2-for-15¢ and sold out. They 
found that they had collected $26.90 for taffy 
apples. If no mistakes were made in payment 
or making change, how many apples did they 
sell at each price? 

In this case we write, 

Let z =the number of apples sold at 10¢ each, 
and 

let y =the number sold at 2-for-15¢. 

Then z+y = 288, etc. 

The discourse continues exactly as above, 
but instead of ending with “y=76” we 
go on to add, 

Therefore, they sold 212 apples at 10¢ each, and 
76 apples at 2-for-15¢. 

Fiction? Oh no. Fact! We believe it; any 
high school student who doesn’t also be- 
lieve it makes us sad. We know what 
happened at that taffy-apple sale. In other 
words, factual truth has somehow been 
carried right along all through the solu- 
tion of that pair of equations. These 
purely logical if-then relations can and do 
say something about the physical world 
after all. Factually, what do these logical 
connectives assert? Let us get on with 
our truth tables. The T’s and F’s in these 
tables refer to factual truth. 

The four logical constants involved in 
our introductory exercises are negation, 


conjunction, disjunction, and the condi- 
tional. The tables for the first three of 
these come easily by common sense. If 
p is any proposition, when p is true, ~p 
(read “‘not p’’) is false; when p is false, 
~p is true. If p and q are any two proposi- 
tions, there are four possible combinations 
of truth values for p and gq. If p or gq or 
both are false, the conjunction, p-q (read 
“» and q’), is false; the sentence, p-q, 
is true only when both p and q are true. 
In the disjunction, pvq (read “p or q’’), 
the connective is the inclusive “or,” the 
one usually written ‘and/or’ in legal 
documents. Obviously, a sensible inter- 
pretation table must make the sentence, 
pvq, true in all cases except the one in 
which both p and q are false. It is the truth 
table for the conditional, p>q (read “If 
p, then q’’), toward which it is so hard for 
us to feel natural at first. The table is most 
convincing if we construct it according to 
what it must be to support something 
that we already believe. 

On the fifth line of Introductory Exer- 
cise II, most of us have already committed 
ourselves to the belief that Sentence E 
is logically equivalent to Sentence A. If 
this belief is sound, the formal sentences 
to which A and E can be tran:Jated must 
have identical truth tables. Let r repre- 
sent “It is raining,’ and let s represent 
“Tt is snowing.” Sentences A and E then 
become rvs and ~ro2s, respectively. 
Let us make the truth table for r v s, assign 
the same truth table to ~r>s, and then 
by noticing what truth value combinations 
for ~r and s produce the desired result, 
see what the truth table for any condi- 
tional, p>q, ought to be. 


‘ve Tas or 8 q 
T 3 T 
y's T T 
T F F 

F 


F F 


Anyone to whom this topic is new should 
now check what he thinks he has learned 
against the summary below, and work the 
next list of exercises before reading farther. 
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TrutH TABLES FOR THE Four LOGICAL 
CONSTANTS INVOLVED IN THE 
INTRODUCTORY EXERCISES 


Name 
of the 
Constant 


yr English 

P, [any propositions] 
~?p not p 

pVq p or q* 

p2q If p, then q 

Pq p and g 


negation 
disjunction 
conditional 
conjunction 
* Thisis theinclusive ‘‘or,”” usually written ‘“‘and/ 
” in legal documents. 


~p PYq p?>q 
F T 
T T 

, 

' 


EXERCISES 


. Make the truth table for the sentence, 
~(~r). What does the table show about the 
sentences r and ~(~r)? 


Make the truth table for the sentence, s>r, 
and compare its table with that for r> s. 


Make the truth table for the sentence, 
r-~s, and compare its table with that for 
rs. 

. Make the truth table for the sentence, 
~rVs, and compare its table with that for 
r2 8. 


SOLUTIONS AND ANSWERS 


Directions: Compare the solutions and 
answers below with the ones you have worked 
out yourself. 


1. 

r ~T ~ ( ~r) 
- F T 
F T F 


These truth tables show that the sentences 
rand ~(-,7) are logically equivalent. Knowing 
the truth value of either guarantees the truth 
value of the other to be the same. 


9 


“. 


These tables show that the sentences sDr 
and r>s are independent of each other. One 


. Letting p represent “Robin is a dog,’’ and 
letting g represent ‘“‘Robin eats bones,”’ trans- 
late each of the sentences A—L in Introduc- 
tory Exercise I to its logical form. 


. Make the truth table for each sentence in 
number 5 above. 


. In the preceding question, which sentences, 
if any, have the same truth table as A? 
Which sentences, if any, are contradictory 
to A? Which sentences have truth values 
unpredictable from A? 


8-12. For each of the sets of sentences in Intro- 
ductory Exercises II-VI, assign interpreta- 
tions to p and q, and repeat Exercises 5-7 
above. 


As soon as the learner has completed the 
first seven exercises above, it is advisable 
for him to check his results by comparison 
with those given below. After that experi- 
ence he should be able to do Exercises 8-12 
above; from his results in 8-12, he should 
be able to verify or correct all the answers 
he wrote in the blanks on Introductory 
Exercises II-VI; and from the sentence 
forms he has by that time learned to be 
L-equivalent, he should be able to correct 
or complete any mistakes or omissions he 
may have made on Introductory Exercises 


VII, VIII, and IX. 


—TRUTH TABLE EXERCISES 1-7 


cannot predict anything about the truth value 
of one of them from knowing whether the other 
is true or false. 


3. 


These tables show that the sentences r-~s 
and r>s are contradictories of each other. 


4. 


These tables show that the sentences ~rVs 
and r> s are logically equivalent. 
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7. Sentences B, C, and D have the same 
truth table as Sentence A. Conditions which 
make any one of these four sentences true also 
make the other three true. Likewise, the combi- 
nation of conditions which makes one of them 
false, makes all of them false. Any two of these 
sentences are L-equivalent. Sentences E and 
F are contradictories of A. Sentences G, H, J, 
K, and L are independent of A. 


By the time one has attained successful 
completion of the learning exercises out- 
lined thus far, the concept of logical equiv- 
alence is usually firmly enough established 


for the learner to feel intellectually secure . 


about proving only one of a set of L- 
equivalent sentences in order to establish 
them all. He feels free to choose whichever 
one of the set is easiest to prove. Fre- 
quently, in solid geometry it is the form, 
~(p-~q), which is easiest to prove. One 
merely sets up p-~gq as the hypothesis, or 
“given,’’ and establishes the negation by 
showing that p-~gq leads to a contradic- 
tion. What we have been calling “indirect 
proof” is thus revealed to be direct proof 
of a sentence L-equivalent to the original 
theorem. 

One more complication needs clarifica- 
tion before students are empowered to 


make the most general use of their new 
concept. The “‘p”’ in “p> q’’ may represent 
a conjunction of propositions, so that the 
theorem is in the form, r-s > q, or perhaps, 
r-s-t>g. The form, ~(r-s-~gq), is still 
easy to state, but the form, ~qg>~p 
(that is, the one which we call a contra- 
positive of p>q), presents a more complex 
problem. The contrapositive is still ~q> 
~(r-s), but the truth table for conjunc- 
tion shows that either ~r or ~s is a suffi- 
cient condition for ~(r-s). So the general 
form, ~q>~>p, includes both r-~q>~s 
and s-~q>-~r for sentences L-equivalent 
to r-s>4q. 

To date, the author has not found the 
form, ~pvgq, useful in clarification of 
geometric proofs. Disjunction is intro- 
duced in this material mainly because of 
the essential part it plays in clarifying the 
meaning of the conditional. Students soon 
become adept and spontaneous in recasting 
a theorem into its contrapositives and into 
the negation of a conjunction. If this last 
one seems the easiest one to prove, they 
choose it. But they regard the proof not 
as an indirect proof of the original theorem, 
but as a direct proof of one of its logical 
equivalents. 
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Mathematics and the technical 
manpower shortage 


LEONARD G. YODER, East Palestine, Ohio. 


‘*A great mathematician or theoretical physicist needs only 


the same tools a poet uses: pencil, paper, and mind. The nature 


of the whole universe is unmasked by a blackboard with the right man 


standing in front of it, chalk in hand. Then come the chemists, 


the strength-of-materials men, the nuclear engineers— 


with all their ponderous laboratory apparatus—who poke into the details 


of that universe, and what use they can be to man. The United 


States is as rich in big labs as she is in other gadgets; 


but in producing the poet-of-the-blackboard we don’t do so well.’’-—The 


Introduction to Thomas H. Grainger’s ““The Emergency 


in Basic Science,” The Saturday Review, July 16, 1955. 


THE NATIONAL CRISIS in the technical 
manpower supply presents an unparalleled 
opportunity to emphasize the importance 
of sound training in elementary and second- 
ary mathematics. It is not news to say 
that mathematics training is more im- 
portant for everyone now than at any 
other period in history, or that as the need 
increased, mathematics was de-empha- 
sized in high school curricula. Too few, 
however, recognize in this crisis a powerful 
lever to elevate mathematics to its true 
importance as basic training for youth of 
today. 

There is a plan of action within the reach 
of every mathematics teacher which can 
be effectively utilized to combat public 
ignorance and apathy toward mathe- 
matics. This article suggests background 
information as well as ideas that are prac- 
tical and effective. 


1 Revised from paper presented at The National 
Council of Teachers of Mathematics Meeting, Shera- 
ton-Gibson Hotel, Cincinnati, Ohio, April 22, 1954. 


THE TECHNOLOGICAL REVOLUTION 
AND HUMAN NEEDS 


To understand the full importance of the 
twentieth-century technical revolution, 
and the resulting need for increased 
mathematical training, it is necessary to 
view our present economy briefly in his- 
torical perspective. In the 6,000 years of 
recorded history most people lived near 
starvation and toiled endless hours for 
the minimum necessities of life; many did 
starve, and millions became slaves to carry 
on the drudgery of hand production. There 
were luxuries for only a fortunate few. 
Even today large portions of the common 
people in many countries are no better 
off than was the common man or slave of 
ancient Egypt, Babylon, Greece, or Rome. 

In less than 165 years, we in America 
have exchanged crude and primitive ways 
of living for modern houses, plumbing, 
central heating, electric lights, and re- 
frigeration. We have conquered distance 
with the steamship, railroad, subway, 
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automobile, truck, and airplane, and have 
attacked time with the telephone, tele- 
graph, radio, television, and radar. Dis- 
eases are controlled and human life pro- 
longed with anesthetics, surgery, sanita- 
tion, hygiene, and dietetics. Along with 
material gains and freedom from drudgery 
came advances in the well-being of man- 
kind. In the brief span of 50 years the 
people of this nation have been catapulted 
into a world of wonders in chemistry, elec- 
tronics, and atomic energy, which has 
greatly accelerated our economic growth. 

How did the enormous production and 
scientific advance of this nation become 
possible? The American Economic Foun- 
dation puts it in this formula: “Man’s 
Material Progress is equal to Natural Re- 
sources plus Human Energy multiplied by 
Tools.’’? We refer to this as the Indus- 
trial Revolution, but actually the Indus- 
trial Revolution has given way to a new 
era. As Dr. Clyde E. Williams, President 
of Battelle Memorial Institute, said: ‘““This 
brought the old Industrial Revolution into 
a new phase, one that may be character- 
ized as the Technological Revolution. This 
phase is proceeding at almost explosive 
tempo. Progress feeds on progress, and 
each technological step forward sets off 
a chain reaction that reverberates through- 
out our economy.’ 

Machine builders are now producing 
machine tools so completely automatic 
that they perform many operations ac- 
curately with the touch of an electric 
switch—automation. The formula for sur- 
vival is definite and clear: Industry must 
continue to build more efficient tools, 
dies and machines on an ever increasing 
scale. Each new machine and production 
setup produces more products with fewer 
men, but at the same time produces work 
for more men. This is the story, with few 


2 American Economic Foundation, publication, 
295 Madison Avenue, New York 17, N. Y. Charts 
obtained from the DoAll Co., 254 N. Laurel Avenue, 
Des Plaines, Ill. 

3 Dr. Clyde E. Williams, address at the 60th An- 
nual Meeting of the Ohio Chamber of Commerce in 
Columbus, October 22, 1953. 


exceptions, of technological progress in 
America. And with each advance of 
tools, the great multiplier, the laboring 
man receives greater and greater benefits. 
Economist Collin Grant Clark* made an 
extensive study comparing the rewards 
for labor in 37 leading countries in terms of 
International Units. An IU represents a 
quantity of goods or services which could. 
be exchanged for a United States dollar 
over the average period 1924-34. Based 
on 1939 data, with an American worker 
receiving 1.00 IU per man hour (the 
highest), a British worker receives .56, 
German .46, French .33, Italian .21, 
Japanese .19, Russian .18, and Chinese 
.03—to mention a few. The advantages of 
technical advance to the common man 
can thus be stated mathematically. 


THE SHORTAGE IN THE TECHNICAL 
MANPOWER SUPPLY 


When we analyze the economy of the 
United States and the needs for our de- 
fense, the importance of the technical man- 
power supply cannot be over-estimated. 
The Engineering and Scientific Manpower 
Commissions,’ established several years 
ago by leading technical societies, report 
that of the average of 48,650,000 employed 
in government and industry in the United 
States, an estimated 440,000 are engi- 
neers. The ratio of engineers to total em- 
ployed will increase in the coming years. 
There will be a continuing and growing 
demand for more than 30,000 new engi- 
neers and 20,000 scientists each year, yet 
colleges and universities are providing only 
about 60 per cent of the number needed. 

The immediate emergency has received 
a great deal of attention from leaders in 
government, business, and industry. The 
technical personnel departments of hun- 
dreds of vital industries find it increasingly 
difficult to secure enough engineers and 


‘Collin Grant Clark, ‘“‘Rich Man, Poor Man,”’ 
Magazine of the Future, Vol. III, No. 3 (1948), pp. 
70-79. 

5 Working in cooperation with the Engineers’ 
Council for Professional Development, 25-33 West 
39th Street, New York 18, N. Y. 
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scientists. In 1951, President Eisenhower 
established the National Manpower Coun- 
cil to study the causes of the growing short- 
age of technical and professional men and 
women.® 

The Commission on Human 
and Advanced Training published a re- 
port in which they point to the pressing 
need for more trained personnel in all 
professions.’ The Office of Defense Mobil- 
ization is greatly concerned over avail- 
able personnel with technical training.*® 
These organizations agree that there is a 
definite technical manpower shortage that 
will continue for many years primarily 
because too few high school students are 


tesources 


preparing for the technical professions. 
THE CRISIS IN MATHEMATICAL 
EDUCATION 
The horns of the dilemma are clearly 
defined: While the need for mathematics 
training is increasing at a rapid rate as we 


progress technologically, mathematics has 


been de-emphasized in almost ail high 


schools. Maynard M. Boring,’ who has 


made an exhaustive study of this prob- 
lem, refers to a report made in 1952 by the 
United States Office of Education, which 
states that in the 23,740 high schools in 
the United States, less than 20 per cent of 
the students take more than one year of 
mathematics. Less than 15 per cent are 
taking chemistry. Less than 5 per cent are 
taking physics, and these subjects have 
been stripped of most mathematics. In a 
survey among schools of engineering of 
leading colleges and universities, he found 


® Mr. Eisenhower was ther president of Columbia 
University. He received the first report in the White 
House in January 1953 and a complete report was 
published in May 1953, Columbia University Press, 
New York, N. Y. 

7™“*America’s Resources of Specialized Talent,” 
report prepared by Dael Wolfle, Director, published 
October 1954 by Harper and Bros. 

8’ Committee on Manpower Resources for Na- 
tional Security, Report of December 18, 1953 to the 
Director of the United States Office of Defense Mo- 
bilization, Section IV, pp. 22-27. 

* Maynard M. Boring, Manager of Technical Per- 
sonnel Division of General Electric Company and 
Vice Chairman of the Engineering Manpower Com- 
mission, U.S. News and World Report, April 10, 1953, 
pp. 38-44. 


that from 50 per cent to 70 per cent of the 
entering students failed because of math- 
ematics and science deficiencies. 

Many of our leading scientists have ob- 
served the lack of mathematics training 
among students attempting to enter the 
engineering or science fields. Dr. T. H. 
Chilton’® says: “‘We hear complaints from 
Deans of Engineering that a discourag- 
ingly high percentage of high school 
graduates were not equipped to begin 
courses in engineering without retraining 
in science and mathematics.” 

In a survey of 104 public school systems 
in 44 states, Professor Latimer reports 
that: “In 1900 at least four out of five 
students took mathematics. Today, fewer 
than half the students do and of these 138% 
are taking only general mathematics (the 
old type course).—Biggest slump: Algebra 
is down from 56% to 20%. Since 1948 
science has dropped to 8°%—physies suf- 
fered the most. In 1900 four out of every 20 
students took physics—now one of 20.’"" 

Kenneth E. Brown states: ‘‘Technically 
trained men and women are needed to 
increase our standard of living in times of 
peace and safeguard our republic in times 
of war. Mathematics is the language of 
these scientific workers. If our supply of 
specialized personnel is to meet the na- 
tion’s demands, more able pupils must 
receive training in mathematics. The 
mathematics preparation of scientific per- 
sonnel should begin before they reach 
college.’’!” 

In view of the enormous technical needs of 
the United States Department of Defense, 
its experience with inductees is significant. 
A letter to me from Technical Training 
Air Force Headquarters, Gulfport, Mis- 
sissippi, of July 22, 1953, is representa- 

10 Dr. Thomas H. Chilton, from press release of 
speech of April 22, 1953, in Boston, Chairman of 
Engineering Manpower Commission, Technical Di- 
rector, Engineering Department, E. I. duPont de 
Nemours Co., Inc. 

1 Professor John Francis Latimer of George 
Washington University, directed survey reported in 
Time, December 13, 1954, Education Section, page 42. 

2 K. E. Brown, Specialist for Mathematics, Office 


of Education, U. S. Dept. of Health, Education, and 
Welfare, reprint from School Life, November 1953. 
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tive of the situation in all departments. 
It states: ““The extreme need for mathe- 
matics review was very evident during 
World War. II. Mathematics deficiencies 
were particularly evident in those courses 
where the student was required to use 
ratio, proportion, formula manipulation 
(solution of simple and complex formula), 
trigonometry and vectors.” Admiral Nim- 
itz’ letters to Louis J. Bredvold are now 
well known. 

The report, ““Mathematics for All High 
School Youth,” states: ‘““There seems to be 
general agreement that our present in- 
struction in mathematics falls short of 
success as evidenced by the mathematical 
deficiencies of a large segment of the popu- 
lation.’’”’ Many articles expressing similar 
views have appeared in THe MaTuHeE- 
MATICS TEACHER and other school publica- 
tions. The mathematics teacher will have 
no difficulty in obtaining evidence of the 
need for more mathematics training for 
today’s student. 


A PROGRAM FOR THE MATHEMATICS 
TEACHER 

The important work of The National 
Council of Teachers of Mathematics and 
other organizations and the valuable con- 
tributions of individuals have greatly im- 
proved the teaching of mathematics. The 
results of all this well directed effort, how- 
ever, are not enough to bring about the 
needed changes in these swiftly moving 
times. Dr. Hildebrand uses a very apt 
quotation from Alice in Wonderland in 
this connection: ‘‘ ‘As the Red Queen said 
to Alice, “Now, here, you see, it takes all 
the running you can do to keep in the same 
place. If you want to get somewhere else, 
you must run at least twice as fast as 
that’’.’ In producing scientists we need to 
run very much faster if we intend to win 
the race for survival.’’™ 

13 Report on Statewide Survey made to Lewis A. 
Wilson, New York Commissioner of Education, 
September 1953, p. 30, col. 2. Copies available from 
State Education Department at 50¢ each. 

4 Dr. Joel H. Hildebrand, ‘“‘The Production of 


Scientists,’’ Chemical and Engineering News, Vol. 31 
(December 1953), pp. 5086-7. 


Let’s face the facts, mathematics has 
become the “ugly duckling’”’ of the school 
curriculum. It must be given bright new 
feathers. Mathematics must have publicity 
to compete with other courses and school 
activities. If the value of training in basic 
mathematics and the opportunities this 
training opens to the student are empha- 
sized, newspaper editors will gladly cooper- 
ate. 

May we suggest ways by which the 
efforts of the teachers of mathematics can 
be made more effective: 

1. Enlist the aid of representatives from 
business and industry. Their voices will 
perhaps be the most powerful factor in 
creating an understanding of the impor- 
tance of mathematics. 

2. Enlist the aid of service organizations 
such as Kiwanis clubs and chambers of 
commerce. At present they offer awards for 
contest winners in speaking, spelling, art, 
etc. They will be glad to sponsor mathe- 
matics contests and present awards to win- 
ning students. A program is now under- 
way to do this in the 15th Division of the 
Ohio District of Kiwanis International." 
In a variation of this idea, the Kiwanis 
Club of Salem, Ohio, has for several years 
presented awards to high school seniors 
having the highest grades in mathematics. 
This has resulted in a notable increase in 
student interest in mathematics. 

3. Enlist the aid of parent-teacher asso- 
ciations by having men from business and 
industry explain the growing need ‘for 
training in mathematics at P.T.A. meet- 
ings. 

4. Use all pertinent books, literature, 
posters, and films to stimulate student 
interest in mathematics. The booklets, 
“Why Study Math?” and “Math at 
General Electric,’’® are examples of avail- 
able material. 


15 An outline of a contest will be sent by the author 
without charge. 

1% Published by General Electric Company, 
Schenectady, N. Y. Also the General Electric Com- 
pany, General Motors Corporation, and other com- 
panies furnish films, posters, and booklets on science 
without charge. 
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@® DEVICES FOR THE MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, Monroe High School, St. Paul, Minnesota 


Drawing coordinate axes with a notched stick 


by William J. Hazard, University of Colorado, Boulder, Colorado 


The interesting article on semi-perma- 
nent chalk which Mr. Hoisington submit- 
ted for the October, 1954 number of this 
magazine recalled for me the “notched 
stick” that I used for many years when dis- 
cussing or using coordinates (Fig. 1).! This 
notched stick is simply a rule 30 inches 
long, planed thin on one edge, and notched 
at intervals of 2 inches. The notches serve 


the purpose of leaving a series of indenta- 
tions in a line when a piece of chalk is 
drawn rapidly along the notched edge. In 
this way it is possible to produce a pair of 
coordinate axes with accurate divisions as 
speedily as one can draw a straight line. 


1 Robert C. Hoisington, “‘Semi-permanent Chalk 
for Teaching,” Tae Matruematics Teacuer, XLVII, 
(October 1954), p. 407. 
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A student graphing board 


by Donovan A. Johnson, University of Minnesota High School, 


Composition acoustical tiles 12 inches 
square will serve nicely as inexpensive 
student graphing boards. These tiles have 
evenly spaced holes in both rows and col- 
umns at half-inch intervals. They may be 
purchased at any lumber yard for about 
fifteen cents. 


Minneapolis, Minnesota 


With a brush pen, draw two mutually 
perpendicular lines—one through a row of 
holes and the other through a column. 
Let these represent the rectangular co- 
ordinate axes, and label them with appro- 
priate scales. 

Points can be plotted on the tile simply 
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by placing pegs in the holes. Golf tees or 
hook board pegs are approximately the 
right size for the tile holes. Pegs for the 
game Peggity are the best size. Map pins 
may be used if fractional coordinate values 
are to be plotted. Colored elastic thread 
may be attached to the pegs or pins to 
represent the graph of an equation or a 
broken line graph. Placing several pegs 
together in columns or rows will serve 
nicely in developing histograms and bar 
graphs. Strips of colored paper pinned on 
the board will serve the same purpose. 
Acoustical tiles may also be used as 
area boards. Simply divide the surface of 
the tile into square inches by drawing 


vertical and horizontal lines at one-inch 
intervals through rows and columns of 
holes. Pegs or pins may be used to locate 
the vertices of geometric figures, and 
colored elastic thread or large rubber 
bands may be used to outline their perim- 
eters. Students may be helped to dis- 
cover the formulas for areas by having 
them count the square inches enclosed 
within the elastic bands. Thus, outlines of 
rectangles having different sizes and 
shapes can be formed for the purpose of 
reviewing the multiplication facts. Having 
students outline polygons will give them 
practice in figure identification and com- 
parison. 


Drawing the cycloid with a washbasin 


To the best of our knowledge, automatic 
blackboard washers and wipers have not 
yet been invented; albeit, we confess, we 
have occasionally entertained daydreams 
about such gadgetry. Even so, the present 
“Stone Age’’ development in blackboard 
washing equipment is not without its in- 
spirations. Like many another teacher, 
this editor is compelled to wash the black- 
boards of his classroom with such primi- 
tive “‘tools’”’ as a washbasin and worn-out 
shirt or discarded sponge. 

One day that chipped, leaky washbasin 
which hangs on a nail in this instructor’s 
closet seemed somehow to be just the 
item that was needed to illustrate the 
locus definition of the cycloid. By inserting 
a piece of chalk in the hole (by which it 
ordinarily hangs on the nail) and rolling 
the basin along either the top or bottom 
rail of the blackboard, a remarkably ac- 
curate representation of the cycloid can be 
produced (Fig. 2). 


by Emil J. Berger 


To reduce slippage and at the same time 
insure against scratching the blackboard, 
the edge of the basin should be covered 
with painters’ masking tape. 


Figure 2 


A student demonstrates how the washbasin 
may be used to draw the cycloid. 
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Angle comparison device 


by Hope H. Chipman, University of Michigan High School, 


This simple device may be used to help 
students gain familiarity with the various 
sets of equal and supplementary angles 
that are formed when two parallel lines 
are cut by a transversal. 

On a piece of plywood 18 inches square, 
draw two parallel lines and two non- 
parallel transversals as shown in Figure 3. 


Figure 3 


Ann Arbor, Michigan 


Choose some convenient radius and com- 
plete the outlines of the six circular sec- 
tors whose angles are labeled respectively 
with the symbols a, b, f, m, h, and 180°. 
With the aid of a jigsaw cut out the six 
sectors referred to, label them as sug- 
gested, and attach a peg handle to each. 

Be careful that the board from which 
the sectors are cut is not destroyed in the 
process of removing the sectors. Save it, 
and glue it onto another board 18 inches 
square. Thus, the finished device will have 
“cut-outs” into which appropriate sectors 
may be fitted. Paint each cut-out and the 
sector which corresponds to it in the same 
color. 

The equality of angles can be found by 
fitting the sectors into the angle cut-outs. 
Supplementary angles may be found by 
finding the pairs of sectors which fit the 
180° cut-out. 


Computational nomograph 


by Lauren G. Woodby, Central Michigan College, Mount Pleasant, Michigan 


The nomograph suggested in this note 
may be used to obtain approximate values 
for the product and quotient of two num- 
bers and for finding square roots. 

To develop this device, procure a sheet 
of logarithmic paper one cycle square and 
draw a diagonal line AB between the 
points (1, 1) and (10, 10). See Figure 4. 
Similarly, connect like values on the ver- 
tical and horizontal axes with oblique 
straight lines perpendicular to AB. Label 


the diagonal AB with a logarithmic scale 
as indicated in the diagram. 

To multiply 58 by 19, locate the point 
of intersection of a horizontal line having 
the value 5.8 and a vertical line having the 
value 1.9. This point is on some oblique 
line which is perpendicular to the diagonal 
AB. For the example being illustrated, the 
oblique in question intersects the diagonal 
AB at 11. Locating the decimal point by 
estimation gives the product 1100. 
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Figure 4 


To divide 4.5 by 7.4. locate the oblique 
line which is perpendicular to AB at the 
scale value of 45; then enter the chart from 
either side at 7.4 and move horizontally 
until the aforementioned oblique is 
reached. The desired quotient, 0.61, may 
be read from either the top or bottom 
scale; it lines up vertically with the inter- 
section point described. 

To find the square root of a number N, 
locate the point on the AB scale which is 
labeled NV. Read \/N on either the vertical 
or horizontal scale that lines up with the 


point located. Referring to the figure, note 
that \/3=1.7 and 1/20 =4.5. 

The chart is based on the fact that the 
line AB is the graph of the equation y=z 
(and also, log y=log x). The family of 
lines having CD for one of its members is 
the family of hyperbolas rzy=k. When 
plotted on logarithmic paper, the graph 
of log x+ log y=k is a straight line. The 
values of k are the points on the scale of 
AB. Thus particular values of x and y 
determine a unique value k (multiplica- 
tion), and particular values of z and k 
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determine a unique value y (division). 
When finding square roots, note that 
the intersection of the two curves r=y 
and zy =k is at x= \/k, since 2? =17? =k. 
This logarithmic chart can be used by 
pupils in the junior high school in much 
the same way as the slide rule—merely as 
a computing device without the basic 
understanding of* logarithms. In second 
year algebra, the chart serves as an excel- 
lent example of logarithmic functions and 


compare the graphs of the family of hyper- 
bolas zy=k plotted on logarithmic paper 
with the graphs of the same family plotted 
in the system of rectangular coordinates. 
The accuracy of this device depends upon 
the size of the logarithmic paper, the num- 
ber of oblique lines drawn, and the care 
with which these lines are drawn. 


Prepared charts with machine-drawn 
oblique lines are available from E. J. 


George, 428 E. Magnolia Ave., Aldan, 
Clifton Heights, Pennsylvania. 


should help contribute to an understand- 
ing of the slide rule. It is interesting to 





A need for women in the physical sciences 


Women trained in the physical sciences are 
needed and wanted in industry, in medical fields, 
in government establishments, and in education. 

The opportunities for their employment are 
described in a report, published recently, of a 
conference of educators and employers on the 
role of women’s colleges in the physical sciences 
held at Bryn Mawr College in June, 1954. 

One of the greatest obstacles in the way of 
educating women in scientific fields, the report 
states, has been the persistence of certain out- 
moded conceptions in the minds of students, of 
their parents, and even of some employers and 
educators. Among these are the beliefs that it is 
not womanly to study science, that there is no 
cultural value in the study of the physical world 
in which we live, that there are no really good 
opportunities for women in scientific fields, that 
such an education is wasted on a woman who 
marries and leaves her profession to raise a 
family. The conference gave special attention to 
these questions. 

The results of the discussions on the employ- 
ment of women in the sciences demonstrated 
very emphatically that women are needed and 
wanted in industry, in medical fields, in govern- 
ment establishments, and in education. 


Computation 


“The Arab who first wrote zero 

And the mathematic clue 

To nothing at all is a hero 

Who never got his due 

Unless he sought 

To share the eternal naught.” 
—A. M. Sullivan, “Stars and Atoms Have No 
Size,”” Poems of Science and Industry, E. P. Dut- 
ton and Company, 1946. 
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@ HISTORICALLY SPEAKING,— 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


Analysis of an ancient method of computation 


by E. Bonavent Dagobert, San Francisco, California 


The method of computation under dis- 
cussion here is old, indeed. It has survived 
through the ages. It has a long and hon- 
ored past. It is related to the method of 
duplation, the most ancient reference to 
which is found in an Egyptian papyrus of 
about 1000 B.c. Yet it still excites interest 
because of its baffling simplicity. It is an 
ancient method of multiplication. 

Simplicity must not be confused with 
transparency. When seen in action, the 
operation is far from clear, rather mystify- 
ing to us and incomprehensible. Yet a 
child can do it. It requires no memory 
work, no multiplication table, no previous 
knowledge of any kind except the ability 
to take one half of a number, double a 
number, count totals, and tell odd from 
even. 

The Egyptian method of duplation was 
used by the ancient Greeks.? But there are 
no known proofs, no clues for the validity 
of either duplation or the related method 
to be described here. The steps to be 
taken are described as so many rules of a 
game. 

The method discussed below is men- 
tioned by David Eugene Smith and Sir 


1 This was discussed by Vera Sanford in ‘‘Notes on 
the History of Mathematics,’”” THe Mataematics 
Teacuer, Vol. XLIV (January 1951), p. 29, which 
contains a reference to the American edition of the 
Rhind or Ahmes papyrus, also published by the 
British Museum in 1923. 

2 Its Egyptian origin and influence on Greek arith- 
metic is discussed by L. C. Karpinski on page 6 of the 
translation of Nichomachus of Gerasa’s Introduction 
to Arithmetic, published in 1926 as Vol. XVI of the 
University of Michigan Humanistic Series. 


T. L. Heath’ as being still in use in Russia. 
Again, there is no discussion by either of 
them of its underlying principles beyond 
the statement that the method is based on 
a geometric progression. It has been re- 
ported practiced by Ethiopian tribesmen 
who use it when trading sheep. Travelers 
find it popular in the Arab countries, in 
Jerusalem, in Egypt, the Near East, and 
Africa. A large part of the world is actu- 
ally availing itself of this ancient method 
in daily commerce, yet it has not found 
its way into our schoolrooms, since it 
strikes us as freakish and obscure. There is 
nothing in it remotely resembling our 
own familiar method of computation. 

Here are the rules of the ‘‘game.”’ If the 
number m is to be multiplied by the num- 
ber n and we seek the product mn, we 
start two columns with the initial n and m 
respectively. Underneath n we write one 
half of n, discarding the fraction one-half if 
n is odd. We proceed in this manner al- 
ways taking halves of previous numbers, 
discarding fractions, until the column ends 
with the number one. The purpose of this 
n-column is to determine the number of 
terms to be taken in the m-column, which 
actually performs the computation, and 
to which we turn next. 

Underneath m we write its double, 2m, 
and proceed in this manner, always taking 


3D. E. Smith, History of Mathematics (Boston: 
Ginn and Co., 1925), Vol. II, p. 106; and T. L. Heath, 
A Manual of Greek Mathematics (New York: Oxford 
University Press, 1931), p. 29. 
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doubles of previous numbers until each 
item in the n-column has received a part- 
ner in the m-column. Next we inspect the 
n-column for its potent terms. In ancient 
number lore, odd numbers were potent. 
The partners of the odd numbers alone 
may remain in the m-column. The part- 
ners of even numbers are stricken out. The 
remaining terms, added, give the desired 
result, the quantity mn. 


7 
n=19 19 
8) 


Example: 


Q 126 
l 


2 ) 
323 answer 


The immediate reaction to this perform- 
ance is one of perplexity. We are doing 
tricks. True, they work, but why? Why, 
for example, may we neglect fractions? 
And what is wrong with the even num- 
bers? It must be conceded that in all 
respects the method remains esoteric and 
incomprehensible except to the initiated. 

Initiation, however, is readily available 
if we make a departure from our custom- 
ary scale of notation and pass over to the 
binary system,‘ a scale in which integers 
are not expressed by powers of ten, but of 
two. In such a scale, there are but two 
digits, zero and one. Any number can be 
rendered as a series whose terms are the 
successive powers of two with coefficients 
one or zero. Considering first the m- 
column, we see that it could be written in 
the form m-(1+2+4-+ ---); and since 
this quantity is to represent the product 
mn, it is evident that the factor formed by 
the series in parenthesis must be equal to 
n. Therefore, as this can only be accom- 
plished by discarding certain terms, in 
other words by making certain coeffi- 
cients zero, we have here the problem of 
expressing our given n in the binary sys- 


‘ For further historical material and references on 
the binary system, see P. S. Jones, ‘The Binary 
System,””’ THe Martuematics Teacuer, Vol. XLVI 
(December 1953), pp. 575 ff. 


tem. The secret of the method is that the 
n-column is doing just that. 

In general, the method used for express- 
ing any given integer in another scale of 
notation is the following: (1) Divide the 
given number by the radix, or base of the 
new scale. (2) Note the quotient and 
remainder. (3) Divide this and each 
successive quotient by the radix and note 
the remainders until no quotient is left. 
The successive remainders furnish the 
successive digits, from lowest to highest, in 
the new notation. In other words, they 
furnish the coefficients in the power 
series, since it is these in which we are in- 
terested. In the binary system the only 
possible digits are zero and one, so that 
the terms are simply carried or dropped, 
according as the remainders are one cr 
zero. Returning to our original exampie, 
and this time adding to the n-colusan 
the quotients and remainders as required, 
we see at a glance the relation between the 
potent partners and the discarded ones. 


Example: n= 19 
Quo- Re- 
tient mainder 
19+2 9 1 
9+2 1 
4+2 0 Term dropped 
2+2 0 Term dropped 
1+2 1 Term carried 


ry e 
Term carried 
Term carried 


The number 19 in binary notation, there- 
fore, becomes: 


1(2°) + 1(2') +0(2*) +.0(2*) +1(2*) =19 


Thus the number n has now become iden- 
tified with the power series in the m- 
column, and the entire procedure be- 
comes transparent. 

Because of its sensational simplicity 
the method has survived. And it will sur- 
vive, if not, regrettably, in the school- 
room, at least in the category of ‘‘curiosa 
mathematica.” 

Editor’s note: This ‘‘Russian-peasant multi- 
plication” can also be explained without refer- 


ence to the binary system as follows: If a num- 
ber is first divided by two (or any other number) 


558 The Mathematics Teacher | December, 1955 





and then multiplied by the same number, its val- 
ue is unchanged. Hence, if one of two factors of a 
product is divided by two and the other is multi- 
plied by two, the product of the two new factors 
will be the same as the original product. If there 
is no remainder as this process is repeated, one 
will ultimately arrive at the stage where the 
first factor is one and the second factor is the 
product of the two original factors. 

When the divisor is two there will be a 
remainder of one if, and only if, the dividend 
is odd. Ignoring this remainder at any stage is 
equivalent to omitting at this stage one-half of 
the second factor. One-half of the second factor 
at any one stage is, however, the whole second 
factor at the previous stage, or, in other words, 


the second factor at that stage at which the first 
factor was odd. Thus in Mr. Pagobert’s first 
example: 19X17 =(19/2) X(2X17) =(9+1/2) 
X34 =9 X344+1/2X34=9X344+17. In the 
‘“‘Russian-peasant”’ system, this last 17 was 
omitted at the second stage but added in at the 
end. All the “omitted” quantities can be re- 
stored by adding to the final second factor (the 
one opposite 1) all of the second column factors 
which appear opposite odd numbers. 

I do not regard this explanation as any 
better than Mr. Dagobert’s, but it is a little 
less sophisticated; and even sophisticated or 
older and more mature students may benefit 
from seeing the same process or relationship 
from several different viewpoints. 





Letters to the Editor 


Gentlemen: 

I have just finished reading in the February 
issue of THe MATHEMATICS TEACHER, the ar- 
ticle entitled, ‘““Rate of Progress in Learning 
Arithmetic.” 

If I recall correctly, a few months ago | had 
a questionnaire from you on which you asked 
for comments concerning the magazine and 
type of articles. Right now I have a comment 
about this article. I would like to know what a 
good teacher should do with these pupils in her 
classroom. Do you or the author of this article 
know of a good solution? I don’t, and that is 
what I am searching to find. 

Below I am stating six situations or ques- 
tions: 

I. A boy in my eighth-grade arithmetic class 
when given the arithmetic achievement 
scored so high I could not grade him. He 
was far above the level. With a full sched- 
ule, where could I find time to give such a 
boy work that is of interest to him in 8th 
grade? 

. In the same class was a boy of 5th grade 

level. Just where should he fit? 
Do such conditions exist in other schools? 
Do their teachers know about them? 

’, What are they doing to solve them? 
Where, if possible within reasonable dis- 
tance, could I find a teacher who is han- 
dling this situation successfully? 

In referring to the above condition I have no 
idea that I am the good teacher who brought 
about this situation for the first boy didn’t learn 
anything from my teaching, and I doubt if the 
second boy learned very much either. 

Of course, I am trying out a plan with co- 
operation from the guidance department in my 
school, but these are samples of the type of 
things I would like to have discussed in the 
articles concerning arithmetic if the magazine 


is to be of much value to me as a public school 
mathematics teacher. 

In closing, may I say that if you could give 
me any suggestions concerning the above situa- 
tions, I should be happy to receive them. I 
thank you. 

Yours sincerely, 
Mary L. White 
R. D. 3 
Pulaski, New York 
Reply to Mary L. White’s Letter: 
To the Editor: 

Thank you for sending me a copy of the let- 
ter from Miss Mary L. White concerning my 
article, “Rate of Progress in Learning Arith- 
metic.’’ Published in the February issue of Tue 
MarTHeMatTics TEACHER. I was pleased to read 
Miss White’s statement that she has been famil- 
iar with the facts in my article for nearly 20 
years. I wish all teachers of mathematics could 
honestly say the same. 

I note first the specific example in Miss 
White’s letter of an eighth-grade class ranging 
in mathematical abilities from fifth-grade level 
to eleventh-grade level. It seems that Miss White 
has the Jimmie and the Willie of my article in 
her own class. Against this background, let me 
answer the questions in her letter, somewhat out 
of the order in which they were stated but in an 
order which will facilitate answering them. 

Question III. ‘‘Do such conditions exist in 
other schools?” 

Answer: They most assuredly do exist. This 
is a fairly typical situation rather than an un- 
usual one. This was one of the points I attempted 
to make in my article. 


Continued on page 562 
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© MATHEMATICAL MISCELLANEA 


Edited by Paul C. Clifford, State Teachers College, Montclair, New Jersey, 
and Adrian Struyk, Clifton High School, Clifton, New Jersey 


Two cube root curves 


by Juan E. Sornito, Central Philippine University, 


A CUBE DUPLICATOR CURVE 

It is a matter of common knowledge 
that it is impossible to duplicate a cube 
by means of the straightedge and com- 
passes. There are, however, several meth- 
ods which make use of algebraic curves. 
This presentation is intended to suggest 
another such solution to the problem. 

It should be kept in mind that the 
solution of the duplication problem hinges 
upon the determination of a length which 
represents the cube root of 2. The follow- 
ing is a method of solving this auxiliary 
problem. 

In Figure 1 let OX and OY be perpendic- 
ular axes, and let points D and A, on 
OX be such that 


OD=DA,=1 unit. 


Let DF be perpendicular to OX. With O 
as center and with O<A, as radius (2 units), 
describe a circle. Draw a ray OA; to some 
point A, on this circle. Then construct 
A,B, perpendicular to OX, and B,P, 
perpendicular to OA, thus determining 
the point P;. In similar fashion determine 
successive points P2, P3, Py,--+ corre- 
sponding to arbitrary points As, As, 
Ay, +++ on the circle. Draw a smooth 
curve through P,, Po, P;---. Let this 
locus intersect DF at P. Then OP has a 
length of +/2 units, and is the edge of a 
cube whose volume is 2. 


Iloilo City, Philippine Islands 


To prove that OP= ¥/2, extend OP to 
meet the circle at A, and construct AB 
perpendicular to OX. Because of the 
nature of the locus, P is the foot of the 
perpendicular from B to OA. From tri- 
angle AOB 


OB?=0A-OP; 
and from triangle POB 
OP? =OB-OD. 


Since OD=1 and OA =2, these equations 
become 


OB? =2-OP, OP?=OB. 
Figure 1 


F 














560 The Mathematics Teacher | December, 1955 





Elimination of OB then yields 
OP*=2-OP, 
so that 
OP* =2. 


To derive the equation of the locus, 
let P, denote any point on the curve, let 
OP,=r, and let Z A,OP,=6. Then we have 
OA o™ 2; 

OB,=OA, cos 86, 

OP,=OB, cos 6. 
Eliminating OB, we find that 
(1) r=2 cos? 0 


is the equation of the curve in polar co- 
ordinates. Put 


cos 6=2/ Jrit+y?. 


Ver, 
Then 
Jt +y? =22"/(22+y"), 
and hence 
(2) (x? +-y?)3/2 = 2? 


is the equation of the curve in rectangular 
coordinates. From it we see that the com- 
plete locus is symmetrical with respect to 
both axes. 

It is obvious from the foregoing that the 
curve for the cube root of 2 is but a par- 
- ticular case of the more general curve 


(3) r=k cos? 6, or 


(4) (a2+y?)9? =ke?, 


where k is any number not less than 1. 
In constructing such a locus we make 
OD=1 unit, radius OA,=k‘ units. From 
equation (4) it is plain that 


r= kz’, 
Hence, for any such curve ~/k is the 
length of the radius vector to the point 
whose abscissa is 1. From equation (3), 
moreover, we note that the particular 


value of @ corresponding to this r= W/k is 
given by cos* @=1/k, and consequently 


increases as k increases. For k=2 it is 
nearly 373°. 


A GENERAL CUBE ROOT CURVE 


Although the cube duplicator curve 
may be generalized so as to be applicable 
to any number k not less than 1, never- 
theless each value of k requires its own 
particular curve. We shall now develop a 
single curve for extracting the cube root 
of any such number. 

Let OX and OY in Figure 2 be rectan- 
gular axes, and let point A, on OX make 
OA,=1. Let A.F be perpendicular to OX. 
From O draw a ray OR, intersecting 
A.F at A;. At A; draw A,B, perpendicular 
to OR;, meeting OX at B,. At B, draw 
B,P, perpendicular to OX, meeting OR, at 
P,. In similar fashion determine succes- 
sive points P2, P3, Py - ++ corresponding 
to arbitrary points Ao, A3, As, +++ on 
A,»F. Draw asmooth curve through P, P2, 
P;---+. Let P denote any point on this 
locus. Draw OP, cutting AoF at A. Then 
OP =O0A*. To prove this, join A to the foot 
B of the perpendicular from P to OX. Be- 
cause of the nature of the locus, AB is per- 
pendicular to OA. Consider the three right 
triangles OA »A, OAB, OBP. They are sim- 
ilar triangles, since they have a common 
acute angle at O. It follows that OAo, OA, 


Figure 2 
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OB, OP are in geometric sequence. But 
OAo=1, and so the sequence may be ex- 
pressed as 1, OA, OA?, OA*. Therefore 
OP =0A'. 

To make use of this curve in finding the 
cube root of a number k>1, cut the curve 
at P with an are having center O and 
radius k. Then OP cuts AF at A, making 
OA = Wk. 

The polar and rectangular equations of 
the curve are easily obtained. For the 
representative point P(r,é) or P(z,y) we 
have OP=r, ZA,OA=060, OB=z2z, BP=y. 
The sequence OP, OB, OA, OA, is ob- 
viously equivalent to r, r cos 6, r cos? 6, r 
cos’ 6. Therefore the polar equation is 


(1) r cos’ @=1. 
Multiplying this by r? we have 
(r cos 0)? =r". 


Use of the transformations 7 cos 6=2, 
r=z?+y*? then yields the rectangular 


equation 


(2) y" = 73 — 7? 


From (2) it is evident that the curve is 
symmetrical about the x-axis and passes 
through the point A,(1,0). Furthermore, 
the origin 0 is a conjugate point, and the 
points determined by @= +30°, r=4, are 


points of inflexion. 
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Continued from page 559 


Question IV: ‘Do their teachers know about 
them?” 

Answer: Some do; some do not. Miss White’s 
pupils are fortunate to have a teacher who does 
know about their varying abilities and back- 
grounds. I fear that many teachers “know” in a 
superficial way that their pupils are this differ- 
ent, but are inclined to feel that they have a 
peculiar group and that this wide range of dif- 
ferences should not exist. As I stated in my ar- 
ticle, they are also inclined to blame the varia- 
tions, particularly toward the lower end of the 
scale, upon poor instruction by earlier teachers 
rather than to attempt to do something about 
it themselves. 

Question V: “What are they doing to solve 
them?” 

Answer: I agree with Miss White that there 
is a real need for sharing among teachers of the 
ways in which they handle this situation. Per- 
haps either THe Matuematics TEACHER or 
The Arithmetic Teacher should request readers 
to submit brief descriptions of approaches 
which they are finding worthwhile. Later in this 
letter I shall suggest some things which I believe 
should be done, though I cannot honestly say 
they are being done by a majority of mathe- 
matics teachers. 
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Question VI: “Where, if possible within 
reasonable distance, could I find a teacher who 
is handling this situation successfully?” 

Answer: I am not familiar with the area in 
which Miss White lives so I cannot answer this 
question directly. However, I should like to sug- 
gest that reports of existing programs for deal- 
ing with different ability-levels in mathematics 
were given during the same NCTM Convention 
at which I made the speech from which the 
article in question was adapted. The February, 
1954 issue of THe Marnematics TEACHER 
gives the program of that meeting. Miss White 
may wish to write to some of the people who 
reported on local programs. 


Questions I and II ask what a good class- 
room teacher should do with pupils of widely 
varying abilities within the same class group. 

Answer: Space does not permit elaboration 
of each point, but let me suggest very briefly 
some of the things which should be done: 

1. The teacher should accept the situation 
in a spirit of realistic facing of facts, i.e., “What 
can I do to help Jimmie and Sammie and Willie?” 
rather than “It is impossible to deal success- 
fully with such a varied group.” 


Continued on page 564 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford Universtiy, and 
Dan T. Dawson, Stanford University, Stanford, California 


Construct any angle with a steel tape 


by Edwin Eagle, San Diego State College, San Diego, California 


The following, phrased in “to-the- 
student” language, describes an effective 
method for constructing angles of any size 
using only a steel tape. As presented here 
it would be appropriate for use with small 
groups of superior students at ninth-grade 
or even eighth-grade level. 

Suppose that your parents have pur- 
chased a lot in a new residential area. 
You have located the two corners, A and 
B, at the front of the lot, but you are hav- 
ing difficulty in locating the corners at the 
back. You are particularly concerned 
about locating property line BC. Your 
map shows that angle ABC is 82°. With 
a 100-foot steel tape, can you quite ac- 
curately mark out on the ground this 82° 
angle? 


Figure 1 


Xy 
T 








From plane geometry you know several 
ways to construct an angle of 90°. Here it 
would be convenient to use the 3-4-5 
right triangle method. Locate point X 
on the ground 40 feet from B on line AB. 
To do this you must have stakes driven 
at A and at B; have your partner sight 
across these stakes to see that you set 
stake X accurately on line AB. Then with 
B as a center, and using a radius of 30 
feet,.mark an are on the ground in the 
general direction of E. With X as a center, 
and using a radius of 50 feet, swing another 
are intersecting this first arc. Label the 
intersection Y. Angle XBY will be 90°. 

Now if you could construct the 8° angle 
shown, that would locate the property 
line which you wish to find. To do this do 
you suppose that you could draw an are 
on which each foot of are would be 1 
degree? If so, you could flex your steel 
tape along this arc, mark off 8 feet, and 
you would have an are of 8° which would 
subtend a central angle of 8°. But what 
radius must you use if each foot of cir- 
cumference is to be 1 degree? What would 
be the circumference of the entire circle? 
Why 360 feet, of course, for the circum- 
ference of the circle contains 360°. Can 
you find the radius of such a circle? Not 
hard, is it? Remember, C=2zr. Do you 
get a radius of 57.3 feet? Right you are. 

You are ready now to construct that 8° 
angle. With B as a center, and using a 
radius of 57.3 feet (approximately 57 ft. 


Mathematics in the junior high school 563 





3 5/8 in.) swing the arc through F as 
shown. Flex the tape along the arc and 
measure off 8 feet from F. This will locate 
point G, which will be on the property 
line. Your problem is solved. 

Many situations occur where it is neces- 
sary to construct an angle with a fair de- 
gree of accuracy. This must often be done 
by the carpenter, the plumber, the sheet- 
metal worker, the landscape gardener, 
the backyard handyman. Usually no 
transit is readily available to accurately 
measure the angles. The ‘57.3 method’’ 
will do the job. Often inches, centimeters, 
or some other unit of measure is more 
convenient to use than feet. This method 


is effective for small angles only, for it is 
difficult to lay the tape along an arc of 
much length. But by using other methods 
to construct angles of 60° and 90° and 
bisections of these angles, close to the 
desired angle can be constructed. Then 
the “57.3 method’”’ can be used to con- 
struct the small angle remaining. 

Your mathematics teacher will tell you 
that this “57.3 method” is not considered 
an acceptable Euclidean ruler and com- 
pass construction, but it will do the job 
quickly and with considerable accuracy. 
In trigonometry and in calculus you will 
learn more about the 57.3 value when you 
study radian measure of angles. 





Letters to the Editor 
Continued from page 562 


2. Children whose performance is below the 
typical level of performance for the class should 
be studied in an effort to distinguish between 
two general types of pupils. Some lack the men- 
tal abilities needed to perform at the class aver- 
age level. Others have the mental capacity but 
lack the requisite understanding of earlier arith- 
metic concepts upon which the prescribed con- 
tent for the grade is based. 

a. Children of the first type may actually be 
achieving acceptably for their ability 
level. The teacher’s task then becomes one 
of helping the child maintain progress 
commensurate with his abilities, not with 
those of other children. 

. Children of the second type probably 
need careful diagnosis of their difficulties 
in order that reteaching may help them 
to clear up the misunderstandings or lack 
of understanding which hinder present 
progress. Much more rapid progress may 
be anticipated for this type of child than 
for the preceding type. 

3. Arithmetic classes, like reading classes, 
should often be divided into sub-groups for in- 
struction. Groupings should be flexible and 
should fit the purpose at hand. Study of de- 
nominate numbers might well be carried on for 
a whole class but with different groups of chil- 
dren working on phases of the topic which are 
suitable for each. On the other hand, one group 
within a class may profit much more from care- 
ful instruction on the long-division process than 
from trying to participate in the activities of a 
group who are dealing with the different cases of 
percentage. (When a teacher and his pupils have 
been accustomed to a common lesson for the 
whole group, the transition to sub-group in- 
struction should probably be made gradually.) 


4. A wide variety of instructional materials 
is essential. This is true of manipulative mate- 
rials, which are a big help in the sub-group in- 
struction mentioned above. Variety is also im- 
portant for texts and other printed materials. 
Sooner or later, we must learn that all pupils in 
the same grade should not use the same text at 
the same time. 

5. Assignments must be varied in line with a 
realistic appraisal of pupils’ abilities, possible 
attainments, and present and future needs. 

6. Freedom to work out ideas in ways which 
make sense to the individual student will be an 
aid to the learning done by each of them. It will 
also reveal pupil differences which have been 
concealed under the cloak of routine perform- 
ance of prescribed uniform procedures. 

7. Suggestions 3, 4, 5, and 6 should operate 
to the benefit of slow, average, and superior 
students of mathematics. For the superior stu- 
dent, we may well add an emphasis upon en- 
couraging him to experiment with original ideas 
and independent solutions. 

On the basis of my own teaching experience 
in public schools, I realize that putting the fore- 
going suggestions into practice takes time and 
hard work. Properly applied, they need not 
take much more time than teachers and learners 
are already spending in less fruitful pursuits. In 
terms of advantages to be gained, the time spent 
will be well spent. 

The contents of this letter may not justify 
its length. I trust that it may be of some help, 
however, to Miss White and other conscientious 
teachers who are trying to do their best for ‘‘all 
the children of all the people.” 

Yours sincerely, 

Esther J. Swenson 

Professor and Chairman 

Department of Elementary Education 
University of Alabama 

University, Alabama 


564 The Mathematics Teacher | December, 1955 





@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Department of Education, Brooklyn College, 


Isaac Barrow on the virtues 
of mathematics 


Prior to the year 1650, the state of 
mathematics was at a low ebb. But the 
middle of the seventeenth century may be 
said to have ushered in a new era in mathe- 
matical learning. On the Continent, 
Descarte’s geometry appeared in 1637, 
and Cavalieri’s method of indivisibles, in- 
troduced a year or two later, presaged the 
blossoming of the calculus. In England, 
John Wallis of Oxford and Isaac Barrow 
of Cambridge were to form a connecting 
link between Descartes and Cavalieri, on 
the one hand, and Isaac Newton on the 
other. 

Newton was ,jindebted to Barrow for 
most of his instruction in mathematics. 
Isaac Barrow was an impressive person- 
ality, if nothing else. Lacking the power 
and perspicacity of Wallis, he neverthe- 
less came very near to inventing the dif- 
ferential calculus. To his contemporaries 
he seemed a man of genius, an estimate 
which can scarcely be justified. He lec- 
tured on mathematics at Cambridge from 
1664 to 1670, but his lectures not proving 
very successful, he resigned in favor of his 
pupil Newton, whose superior abilities he 
quickly discovered and frankly acknowl- 
edged. 

During the brief period of his lectures, 
Barrow held the Lucasian chair, founded 
by Henry Lucas; Barrow was its first oc- 
cupant. It was at the inauguration of the 
Lucasian Professorship that he delivered 
the celebrated Prefatory Oration, which re- 
veals his stately eloquence, faultless con- 
scientiousness, and exaggerated oratory. 
The address, originally given in Latin, is 


Brooklyn, New York 


fairly lengthy, and dwells, for the most 
part, upon the circumstances connected 
with the establishment of the professor- 
ship. But toward the end of this pic- 
turesque declamation Barrow sings the 
praises of mathematics. What follows is 
taken from an English translation made in 
1734; it is Barrow’s conception of the 
virtues of mathematics: 


The mathematics, which, I say, effectually 
exercises, not vainly deludes nor vexatiously 
torments studious Minds with obscure Subtil- 
ties, perplexed Difficulties, or contentious Dis- 
quisitions; which overcomes without Opposi- 
tion, triumphs without Pomp, compels without 
Force, and rules absolutely without the Loss of 
Liberty; which does not privately over-reach a 
weak Faith, but openly assaults an armed 
Reason, obtains a total victory, and puts on in- 
evitable chains; whose words are so many 
Oracles, and Works as many Miracles; which 
blabs out nothing rashly, nor designs any 
Thing from the Purpose, but plainly demon- 
strates and readily performs all Things within 
its Verge; which obtrudes no false Shadows of 
Science, but the very Science itself, the Mind 
firmly adhering to it, as soon as possessed of it, 
and can never after desert it of its own Accord, 
or be deprived of it by any Force of others: 
Lastly the Mathematics, which depends upon 
Principles clear to the Mind, and agreeable to 
Experience; which draws certain Conclusions, 
instructs by profitable Rules, unfolds pleasant 
Questions; and produces wonderful Effects; 
which is the fruitful Parent of, I had almost said 
all, Arts, the unshaken Foundation of Sciences, 
and the plentiful Fountain of Advantage to 
Human Affairs. 

In which last Respect, we may be said to re- 
ceive from the Mathematics, the principal De- 
lights of Life, Securities of Health, Increase of 
Fortune, and Conveniences of Labour: That we 
dwell elegantly and commodiously, build decent, 
Houses for ourselves, erect stately Temples to 
God, and leave wonderful Monuments to Pos- 
terity: That we are protected by those Ram- 
pires from the Incursions of the Enemy; rightly 
use Arms, skilfully range an Army, and manage 
War by Art, and not by the Madness of wild 
Beasts: That we have safe Traffick through the 
deceitful Billows, pass in a direct Road through 
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the tractless Ways of the Sea, and come to the 
designed Ports by the uncertain Impulse of the 
Winds: That we rightly cast up our Accounts, 
do Business expeditiously, dispose, tabulate, 
and calculate scattered Ranks of Numbers, and 
easily compute them, though expressive of huge 
Heaps of Sand, nay immense Hills of Atoms: 
That we make pacifick Separations of the 
Bounds of Lands, examine the Moments of 
Weights in an equal Balance, and distribute 
every one his own by a just Measure: That with 
a light Touch we thrust forward vast Bodies 
which way we will, and stop a huge Resistance 
with a very small Force: That we accurately de- 
lineate the Face of this Earthly Orb, and subject 
the Gconomy of the Universe to our Sight: 
That we aptly digest the flowing Series of Time, 
distinguish what is acted by due Intervals, 
rightly account and discern the various Returns 
of the Seasons, the stated Periods of Years and 
Months, the alternate Increments of Days and 
Nights, the doubtful Limits of Light and Shad- 
ow, and the exact Differences of Hours and Min- 
utes: That we derive the subtle Virtue of the 
Solar Rays to our Uses, infinitely extend the 
Sphere of Sight, enlarge the near Appearances 
of Things, bring to Hand Things remote, dis- 
evover Things hidden, search Nature out of her 
Concealments, and unfold her dark Mysteries: 
That we delight our Eyes with beautiful Images, 
cunningly imitate the Devices and portray the 
Works of Nature; imitate did I say? nay excel, 
while we form to ourselves Things not in being, 
exhibit Things absent, and represent Things 
past: That we recreate our Minds and delight 
our Ears with melodious Sounds, attemperate 
the inconstant Undulations of the Air to musi- 
cal Tunes, add a pleasant Voice to a sapless Log 
and draw a sweet Eloquence from a rigid Metal; 
celebrate our Maker with an harmonious Praise, 
and not unaptly imitate the blessed Choirs of 
Heaven: That we approach and examine the in- 
accessible Seats of the Clouds, the distant Tracts 
of Land, unfrequented Paths of the Sea; lofty 
Tops of the Mountains, low Bottoms of the Val- 
leys, and deep Gulphs of the Ocean: That in 
Heart we advance to the Saints themselves 
above, yea draw them to us, scale the etherial 
Towers, freely range through the celestial 
Fields, measure the Magnitudes, and deter- 
mine the Interstices of the Stars, prescribe in- 
violable Laws to the Heavens themselves, and 
confine the wandering Circuits of the Stars with- 
in strict Bounds: Lastly, that we comprehend 
the huge Fabrick of the Universe, admire and 
contemplate the wonderful Beauty of the Di- 
vine Workmanship, and so learn the incredible 
Force and Sagacity of our own Minds, by cer- 
tain Experiments, as to acknowledge the Bless- 
ings of Heaven with a pious Affection. 


And so our pompous orator continues, 
extolling the virtues of mathematics. 
Finally, fearing that he might have tried 
the patience of his audience, he reminds 


them that there can be no more suitable 


introduction to the study of mathematics 
than by the exercise of patience, and con- 
cludes as follows: 


But if I find it to have been very disagree- 
able to you, I shall easily comfort, yea congratu- 
late myself with this strong Argument and cer- 
tain Augury, that I have to Day performed the 
Part of an accomplished Mathematician, that is, 
a most wretched Orator. I have done. 


On teaching 
the function concept 


Somewhat more than thirty years ago 
the Report of the National Committee on 
Mathematical Requirements urged that 
the function concept be made the core or 
leitmotiv of the algebra course. In this 
celebrated document, all but unknown to 
the present generation of young mathe- 
matics teachers, it was asserted that 
“training in ‘functional thinking,’ that is, 
thinking in terms of and about relation- 
ships, is one of the most fundamental dis- 
ciplinary aims of the teaching of mathe- 
matics.’’ There can be no quarrel with 
that. In the words of C. J. Keyser: “To 
be, is to be related.”’ 

Some ten years after this Report ap- 
peared, Dr. Hamley’s monograph, Rela- 
tional and Functional Thinking in Mathe- 
matics, was published in 1934 as the 
Ninth Yearbook of The National Council 
of Teachers of Mathematics. The purpose 
of this thoughtful study was to “‘examine 
the function concept in all its bearings 
and to justify the claim [that functional 
mathematics can achieve the aims of 
mathematical instruction] by showing 
that the conception of function may be 
regarded as the natural coordinating 
principle of all school mathematics.” 

To be sure, both volumes, and particu- 
larly the latter, exerted a definite influ- 
ence on teachers, textbook writers, and 
syllabus makers. Slowly but surely, “tables 
of values,’ graphs, curves, and formulas 
received more and more attention. But 
the idea of functional relationship re- 
mained somewhat less clear; as for making 
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the function concept the “central theme’’ 
of algebra, let alone of all school mathe- 
matics, that became quite obscured. 

Today, after nearly a quarter of a cen- 
tury of lip service and thrashing about, 
we are hardly more successful in teaching 
the function concept than we are in teach- 
ing the quintessence of deductive geom- 
etry. Listen to what Professor W. W. 
Rankin had to say on the subject as 
recently as 1952: 

Some day when we understand more fully 
how to develop and to use the function concept 
as a means of telling the stories of business, in- 
dustry, science, engineering, and the social 
studies, ‘we shall behold a much greater clarity 
and unity in our work-a-day lives. At this point 
we should be encouraged over the prospects 
ahead. One fine day a textbook writer will have 
an inspiration and we shall have the function 
concept set forth with simplicity and with an 
appealing artistry. It will mark a new era in 
textbook writing and in the study of mathe- 
matics.! 


Ask any teacher of algebra about the 
topic of verbal problems—story prob- 
lems—problem solving—and the same 
sad tale: the most aggravating, most un- 
satisfactory, most unsuccessful part of the 
course. Yet “‘problem solving” and func- 
tional relationships are intimately related 
—both mathematically as well as peda- 
gogically. 

What is the answer? It will not be a 
simple one. Perhaps a generation of young 
teachers with a different outlook in mathe- 
matics. Perhaps a new approach is 
needed—with new vocabulary and a modi- 
fied symbolism—along the lines suggested 
by Barnett Rich. At all events, if the con- 
cept is ever going to be really understood, 
some resolute changes would seem to be 
imperative. 


A note on the abacus 


“ABACUS, an instrument employed to 
facilitate arithmetical calculations. The 
name may be given with propriety to any 


1 Mathematics at Work: Highlights of the 12th 
Annual Mathematics Institute; Duke University, 
1952, p. 41. 


machine for reckoning with counters, 
beads, etc....such as we may recom- 
mend, for the purpose of teaching the first 
principles of arithmetic, the only use, as 
far as we know, to which such an instru- 
ment is put in this country.’”’ So wrote 
Augustus de Morgan in 1833, in beginning 
his article on ‘‘Abacus” in the famous 
Penny Cyclopaedia. 

He continues: 

The abacus can never be much used in this 
country, owing to our various division of weights 
and measures. We should need one abacus for 
pounds, shillings, and pence; another for avoir- 
dupois weight; a third for troy weight, and so on. 
In China, however, where the whole system is 
decimal, that is, where every measure, weight, 
etc., is the tenth part of the next greater one, 
this instrument, called in Chinese Shwanpan, 
is very much used, and with astonishing rapid- 


sometimes see at the doors of public-houses, was 
formerly used in this country as an abacus 
[see EXCHEQUER], and a chessboard would now 
do very well for the purposes of instruction above- 
mentioned. The multiplication-table is some- 
times called the Pythagorean abacus. 


Now that arithmetic teachers have re- 
discovered the usefulness of various count- 
ing devices, a few notes on the subject, to- 
gether with references to source materials, 
may prove helpful. 

How true that there is nothing really 
new under the sun. More accurately, it is 
usually a case of “old wine in new bottles,” 
or more effective use of knowledge already 
available. Nobody knows when the swan- 
pan was invented, or by whom. It was 
first mentioned in the literature about 
200 a.p. Before that time, twigs, sticks, 
beads, and stones were utilized as means 
of calculation. The Japanese counterpart 
to the swanpan is the soroban. This simple 
little calculator, as many readers probably 
know, has been in the limelight now for 
several years, having come off rather well in 
competition with more modern comptom- 
eters. 


2 The Penny Cyclopaedia of the Society for the Dif- 
fusion of Useful Knowledge (London, 1833), Vol. I, pp. 
6-7. 
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The following are a few selected, serious 
references to the basic principles of the 
Oriental abacus. 

AvLER, J., “So You Think You Can Count!” 
Mathematics Magazine, Vol. 28 (1954), pp. 
83-86. 

Ganpy, &., “Did the Arabs Know the Aba- 
cus?”’ American Mathematical Monthly, Vol. 
34 (1927), pp. 308-316. 

Goopricu, L. C., “The Abacus in China,” 
Isis, Vol. 39 (1948), p. 239 (Part 4). 

How to Learn Calculation on the Soroban or 
Abacus, Tokyo: Banyusha Soroban & Co., 
1950. 27 pp. 

Iyer, V. R., “The Hindu Abacus,” Scripta 
Mathematica, Vol. 20 (1954), pp. 58-63. 
Knorr, C. G., “The Calculating Machine of 
the East: the Abacus,” Modern Instru- 
ments and Methods of Calculation, a Hand- 
book of the Napier Tercentenary, by Hors- 
burgh, London: G. Bell & Sons, 1911, 

pp. 136-154. 

Kosrma, Taxasui, The Japanese Abacus: 
Its Use and Theory, Rutland, Vt.: Charles 
E. Tuttle Co., 1954. 102 pp. 

Leavens, D. H., “The Chinese Suan P’an,”’ 
American Mathematical Monthly, Vol. 27 
(1920), pp. 180-184. 

Leg, W. O., “The Swanpan,” Bulletin, New 
York State Society of Certified Public Ac- 
countants, October, 1931, pp. 34-43. 

Loy, Wone Do, “How to Use an Abacus,” 
Popular Science, Vol. 153 (August 1948), pp. 
86-89. 


, How to Use the Chinese Abacus, 
Washington, D. C.: Loy’s Chinese Calcula- 
tor, 1947. 56 pp. 

Tocuio, K. Tochio’s Computation on the Soro- 
ban, Yokohama: Kelly & Walsh, Ltd., 
1912. 

Wuuiams, F. H., The Abacus and How to 
Operate It; with especial reference to multi- 
plication and division, Shanghai: Kelly 
& Walsh, Ltd., 1946. 27 pp. 

Y1-Yun, YEN, “The Chinese Abacus,’ THE 
MatuHematics Tracuer, Vol. XLIII 
(1950), pp. 402-404. 

Yosuino, Yozo, The Japanese Abacus Exz- 
plained, Tokyo: Kyo bun kwan, 1937. 240 


Pp- 


We conclude this note on the abacus by 
citing three cogent references for those 
readers interested in adaptations of the 
abacus as teaching devices. 


Lazar, NaTHAN, “The Abacounter: A Device 
for Teaching Concepts and Operations 
Relating to Integers and Fractions,’ Sup- 
plementary Educational Monographs, No. 
70, Arithmetic 1949, University of Chicago 
Press, pp. 87-100. 

Spitzer, H. F., “Abacus in the Teaching of 
Arithmetic,’”’ Elementary School Journal, 
Vol. 42 (1942), pp. 448-451. 

Sur.tz, Ben, ‘Counting Devices and Their 
Uses,” The Arithmetic Teacher, Vol. 1. 
(1954), pp. 25-30. 





Have you read? 


Brace, W. S. “An English Schoolmaster Looks 
at American Mathematics Teaching,’ The 
Mathematical Gazette, May 1955, pp. 89-97. 


Here is an opportunity to see ourselves as 
others see us: Mr. Brace does not make qualita- 
tive comparisons. His thesis is that such com- 
parisons can only be made when philosophies 
are the same, therefore he cOmpares by using 
descriptions. His article will surprise you by his 
statements on: why driver training is a part of 
the high school course; the gap between philoso- 
phy of general mathematics and actual practice; 
the use of research findings in both Great Britain 
and the United States. 

What do you suppose would surprise a 
stranger most about our teaching of mathemat- 
ics? Mr. Brace has something to say on our 
diagnosis and remedial programs; on top-level 
students; on the complexity of problem situa- 
tions demanded of our students, and the rela- 
tionship of pupil and teacher. By all means, 
read that portion of his article dealing with his 
reaction to elementary logic as taught in some 
of our geometry classes. 
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KIMBALL, Wir §. ‘‘A History of the Brach- 
istochrone,” Pi Mu Epsilon Journal, April 
1955, pp. 57-77. 

The phenomenon of rolling balls has been 
with us from time immemorial. But the prob- 
lem of the path traversed in relation to time 
elapsed was first studied seriously by John 
Bernoulli about 1697. This article gives the 
history as well as some of the mathematical 
development used in studying motion related to 
brachistochrone. Your students will be interested 
to note that the name comes from two Greek 
words—brachistos, meaning “shortest,’”’ and 
chromos, meaning ‘‘time’’—giving us ‘‘a shortest 
time-path device.”” Your students may want to 
try some of the large numbers of curves men- 
tioned. They will also be surprised, as was 
Bernoulli, in reading about the relationship be- 
tween the brachistochrone and the tautochrone, 
that special pendulum made to swing so that 
the vibration is independent of the amplitude. 
When they study cycloids, this article should 
be required reading for your better students. 
—Puripe Peak, Indiana University, Blooming- 
ton, Indiana 
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®@ POINTS AND VIEWPOINTS 


A column for unofficial comment 


Conferences for mathematics teachers 


by H. Van Engen, Editor, Tat Matuematics TEACHER 


Since World War II teachers of mathe- 
matics have become increasingly aware of 
(1) the critical statements made about the 
mathematics curriculum, and (2) the ef- 
forts that are being made to improve 
mathematics teaching. The problem of 
what to do about mathematics at the 
secondary and the undergraduate levels 
has become so acute that some, who have 
spent many years in the colleges without 
giving much thought to instructional 
problems, are now decrying the fact that 
college instructors know so little about 
instructional problems, particularly the 
problems of secondary school instruction. 
The increasing awareness of serious prob- 
lems on both the college and secondary 
levels has caused organizations of various 
kinds to instigate measures that are de- 
signed to correct, in part, some of the 
weakness in the mathematics program. 
The National Council of Teachers of 
Mathematics and the Mathematical Asso- 
ciation of America each have committees 
whose primary objective is to influence 
instructional practices and the kind of 
mathematics taught in the classroom. The 
National Council of Teachers of Mathe- 
matics committee has taken the secondary 
curriculum as its domain, and the Math- 
ematical. Association of America com- 


mittee has taken the college curriculum as 
its special interest. 

As further evidence of the interest in 
this problem, it is only necessary to recall 
that various foundations and the govern- 
mental agencies have taken steps which 
they feel will help in the present “crisis.” 
The most notable of the methods being - 
used to combat lethargy in curriculum 
revision is the conference—the favorite 
technique of any teacher group, particu- 
cularly that of the college professor. The 
value of the conference cannot be doubted, 
but it is to be wondered if it does not 
have some serious shortcomings. Are 
there other ways to organize conference 
groups that deserve to be tried at some 
future date? 

Improving mathematics instruction is, 
in the main, a threefold problem. First, 
there is the general curriculum pattern of 
the school. Are the right courses in mathe- 
matics being offered? Is there time avail- 
able for those who have the ability to 
take four years of mathematics in the high 
school? Second, there is the problem of-- 
getting the right kind of mathematics in 
the courses. Is it profitable to spend a 
semester studying solid geometry? Should 
we spend much time on computational 
trigonometry? Third, there is the all- 
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important problem of the teacher in the 
school: does he know enough mathematics 
to teach the class (college or high school)? 
Does he know something about the mod- 
ern problems of mathematics? 

Of these three problems the conference 
technique is well suited to correct some of 
the shortages in teacher knowledge, pro- 
vided lecturers and topics are carefully 
chosen. Here there is real danger of losing 
touch with the realities of the situation. 
The danger in the conference technique 
is similar to the danger found in the pro- 
grams of many college departments of 
mathematics. It is being more widely 
recognized these days that the programs 
within the departments of mathematics 
at many colleges and universities have not 
faced reality insofar as the problem of 
and, in 


educating secondary teachers, 


some instances, college teachers, is con- 
cerned. However, granted the suitableness 
of the conference technique for certain 
purposes, there is reason to doubt that 


this technique is adequate for injecting 
volumes of fresh air into the secondary 
classroom insofar as new and modern 
topics are concerned. 

It would seem that there is something 
lacking in the conference approach to the 
solution of the instructional problems in 
mathematics. It is true that the secondary 
teacher may get to know more mathemat- 
ics by her attendance at a series of lec- 
tures for a period of four to eight weeks. 
This is good, but what happens after the 
teacher gets back to her five classes (may- 
be seven classes) per day and one (or two) 
study halls? Does she have the time and 
energy to shape these new ideas into in- 
structional sequences and exercises for the 
high school student? Obviously, the an- 
swer is no. There is little or no time left 
in the day of the secondary teacher after 
she has finished with her work. 

The weakness of the present conference 
technique for alleviating some of the prob- 
lems confronting mathematics is that it 
does not give teachers a start in remedying 
the second problem mentioned above, 
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namely, the textbook and the instructional 
materials used in the classroom. Now, no 
conference can write a textbook, but it is 
feasible to have writing groups prepare 
substitute materials, units, or just sup- 
plementary material for use when the 
teacher gets back to her five classes and 
two study halls per day. These units, or 
substitute materials, might be such things 
as: (1) A new approach to the concept of 
function for the high schools with accom- 
panying exercises; (2) Introducing the 
idea of sets in the high school; (3) The 
calculus of sentences for high schools; 
(4) The use of a postulational system in 
algebra; and (5) A unit on statistics; and 
many other topics worth studying. The 
thought is that teachers who attend con- 
ferences should spend some of their time 
in the creative development of something 
to use when she gets back home. This 
“something to use’ should ideally stem 
out of one or more of the series of lectures 
being given at the conference. The aim of 
the conference should be to develop some- 
thing different for the pupils, as well as 
to develop something different for the 
teacher. 

To achieve this objective, the con- 
ferences should be organized so that the 
writing groups ‘“‘tie in’ with the ideas of 
one or more of the main lecturers. This 
should not be difficult to do. Furthermore, 
the conference should be planned in such 
a way that work space is available as well 
as listening space. Insofar as a staff is 
concerned, provision should be made tor 
staff members who know about writing 
for secondary schools to act as consult- 
ants for the writing groups. 

To put it briefly, the conferences should 
take on more of the character of a work- 
shop. ‘‘Workshop”’ is a word of ill repute, 
but the idea is sound even though the 
objectives of some of the old workshops 
were not too sound. Secondary teachers 
and the secondary schools would gain 
more from a workshop-conference than 
they would from a conference using solely 
conference techniques. 
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Edited by Richard D. Crumley, University of South Carolina, Columbia, 
South Carolina, and Roderick C. McLennan, Arlington Heights 
Township High School, Arlington Heights, Illinois 


BOOKS 


Algebra for College Students, William M. Why- 
burn and Paul H. Daus, New York, Pren- 
tice-Hall, Ine., 1955. Cloth, xi+290 pp., 
$4.25. 


The authors have tried to write an inter- 
mediate algebra for college students, which 
would differ from an adult approach to college 
algebra only in the range of the topics covered. 
For this reason topics in the areas of theory of 
equations, permutations, combinations and 
probability, complex numbers, partial fractions, 
topics usually treated in college algebra text- 
books, are not found in this text. Included, how- 
ever, are’some excellent materials not usually 
found in intermediate algebra books—the basic 
ratios and identities of trigonometry, the sine 
law, the cosine law, mathematical induction, 
series, a brief discussion of the number e, short 
introductions to algebra of matrices, and Dio- 
phantine equations, among others—materials 
which the inspired teacher will welcome. The 
exercises throughout the text, although some- 
what few in number, are excellent and varied, 
each one requiring the student to extend his 
previous learnings. 

The text material begins with a very brief 
review (63 pages) of the fundamental processes 
of arithmetic. Those teachers who feel that in- 
termediate algebra should start with a lengthy 
review of elementary school arithmetic will find 
this text disappointing. Those of us who feel that 
skill in computation is not a true indication of 
mathematics understanding will be pleased to 
be able to avoid the monotony and boredom of 
the weeks of arithmetic computation with which 
intermediate algebra is usually introduced. The 
early chapters deal with the fundamental as- 
sumptions of algebra and contain sections on 
logical thinking, symbols, equality, inequality, 
the Euclidean algorithm, the factor theorem, 
etc. The chapters which follow treat linear equa- 
tions, quadratic equations in one unknown, si- 
multaneous quadratic equations, exponents and 
logarithms, sequence of numbers—mathemat- 
ical induction. Particularly good, in my opinion, 
are the chapters on linear equations, simultane- 
ous quadratic equations, and sequence of num- 
bers—mathematical induction. 

The format of the book is fine, with various 
type faces and clean diagrams serving to add to 
the eye-appeal of the text material. The book is 


a small one, as far as the number of pages indi- 
cate, having only 8 chapters and just 255 pages 
of actual text material. The reader will soon dis- 
cover how much essential mathematics is 
crammed in these brief chapters. 

This text should be welcomed by most 
teachers and disliked by few. It is time for in- 
termediate algebra to become one of the firm 
bases on which mathematics builds. This can 
never happen if textbooks continue to hash 
and rehash the manipulative and computational 
aspects of material which the college student has 
had in his earlier work, often times more than 
once. The fresh mathematical ideas and view- 
points, the excellence of the problems, the clear- 
ness with which the basic ideas are presented, 
the maturity with which the basic material is 
treated—all of these should make for high 
teacher and student morale in the area of inter- 
mediate algebra.—Irwin K. Feinstein, Chicago 
Undergraduate Division, University of Illinois. 


Integers and Theory of Numbers, Abraham A. 
Fraenkel, New York, Scripta Mathematica, 
1955. Cloth, 102 pp. $2.75. 

This book is the first of three intended to 
give non-professionals some idea of what serious 
mathematics is about and is directed mainly to 
high school students, college freshmen, and 
interested laymen. It deals with cardinal and 
ordinal numbers, the construction of the ration- 
als by number pairs, and contains a beautifully 
written chapter on so-called elementary num- 
ber theory. Although a popular book, in the 
literal sense, nevertheless it contains a good deal 
of real mathematics, and the seriousness and 
enthusiasm with which it is written could not 
fail to impress the reader. It most definitely 
should be in the school library so that young 
students could get at it—W. E. Jenner, North- 
western University. 


Introduction a la Méthode Statistique, A. Mon- 
jallon, Paris, Libraire Vuibert, 1954. Paper, 
280 pp., Fr. 2,000. 

This book gives an introduction to modern 
statistics, with very careful discussion of the 
concepts involved. The topics treated include: 
collection of data; graphical representation; 
analysis of data; probability; curve fitting; cor- 
relation; index numbers; time series. This com- 
prises a good survey of interpretative statistics. 
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Noticeable omissions are the theory of sampling 
and analysis of variance. This book is elemen- 
tary in its approach and.well adapted to intro- 
ductory courses in the subject.—Howard F. 
Fehr, Teachers College, Columbia University, New 
York, New York. 


Plane Algebraic Curves, E. J. F. Primrose, New 
York: St. Martin’s Press, Inc., 1955. Cloth, 
vii+111 pp., $3.00. 


Mathematics teachers and students will 
readily agree that the ability to make a rough 
diagram of a curve showing its most important 
features is very necessary. Since most of us no 
longer find the time to study multitudes of 
particular curves one by one, Mr. Primrose, in 
his small but tightly packed volume, has done 
us an especial favor by indicating and profusely 
illustrating powerful methods and results which 
apply to the tracing of curves in general. As the 
author states in the preface, there is a real need 
for such a book since there is no elementary 
text on curves still in print. 

After a brief discussion of the important 
features of curves in the real Euclidean plane— 
multiple points, asymptotes, symmetry, etc.— 
the author proceeds to a more general discussion 
in which the geometry is projective and the 
field of numbers is complex. The thorough treat- 
ment of the determination of asymptotes and 
multiple points, as well as a method for finding 
the inflexions of a general curve, should prove of 
special interest to teachers of analytical geome- 
try and calculus. Many problems whose solu- 
tions are described at the end of the text are 
presented for the reader to solve. Plane Algebraic 
Curves provides an interesting introduction to 
algebraic geometry for the reader who has a 
good grasp of calculus, a nodding acquaintance 
with homogeneous coordinates, and a willing- 
ness to work.—A. Schurrer, Assistant Professor 
of Mathematics, Iowa State Teachers College, 
Cedar Falls, Iowa 


Principles of Mathematics, C. B. Allendorfer and 
C. O. Oakley, New York, McGraw-Hill 
Book Company, Inc., 1955. Cloth, xv +448 
pp., $5.00. 


This is an ambitious text for undergraduates 
as is indicated by the following list of chapter 
headings, which will be referred to by number in 
this review: 

I. Logic, II. Number System, III. Groups, 
IV. Fields, V. Sets and Boolean Algebra, VI. 
Functions, VII. Algebraic Functions, VIII. 
Trigonometric Functions, IX. Exponential and 
Logarithmic Functions, X. Analytic Geometry, 
XI. Limits, XII. Calculus, XTI1. Statistics and 
Probability. 

The book may be regarded as lying to the 
right of Moses Richardson’s Fundamentals of 
Mathematics, Macmillan, 1941, and to the left of 
most standard college textbooks. As does 
Richardson, the authors use time gained by 
omitting standard material, partly to introduce 


material in the main stream of mathematics 
not generally available at this level, and partly 
to give a more careful and a fresh treatment of 
standard material. A clear and consistent posi- 
tion is evident in the selection of the standard 
material in chapters VI through XII. The 
emphasis is on the structural and foundational, 
rather than on the manipulative and technical. 

Chapter VI is very well done. It is perhaps 
the most successful chapter in the book. ‘‘Func- 
tion” is defined in terms of ordered pairs of 
numbers. The language is careful and consistent, 
the notation sound. Indeed, throughout chap- 
ters VI, VII, XI, and XII the treatment of the 
function concept is much more satisfactory than 
usual in texts at this level. Chapter VI is entirely 
descriptive and definitional. The heuristic is 
fine. 

Chapter VII is well done, but with some 
lapses in language, and some bad logic in the 
proof of the theorem about the number of roots 
of a polynomial. The theorem, as stated, re- 
quires a proof that there are not more than n 
roots, but the proof only shows the existence of 
at least n roots. 

In chapter VIII the emphasis is on the trigo- 
nometric functions rather than on the usual 
applications to solution of triangles. The func- 
tions are defined as functions of directed are 
lengths on a unit circle. The interpretation as 
functions of directed angles is postponed until 
most of the standard identities are developed. 
It is unfortunate that the addition formula for 
cos (¢ —86), which becomes the basis for deriving 
many identities, is not itself proved to be an 
identity. It is proved only in the case ¢, @, 
¢—8@ all positive, but it is immediately referred 
to as an identity without further comment. 

Formally to define the tangent function by 
the expression, 


1e 5 
— (page 185) 


sir 
tangent =——. 
cosine 


is shockingly inconsistent with the presentation 
of Chapter VI. 

The good, but brief, treatment of analytic 
geometry in Chapter X is based on the connec- 
tion between real numbers and the line, de- 
veloped in Chapter II. The notion of directed 
line is well put, and, as used in the subsequent 
development, is superior to the usual treatment 
in standard texts. The introduction of a clear 
definition of direction cosines and direction num- 
bers is unusual in plane analytics, but simplifies 
subsequent proofs, and should provide an excel- 
lent base for extension to three dimensions 
when this is needed in later courses. 

Chapter X is marred by errors in the proofs 
of two important theorems. Theorem 3 states, 
“The graph of a linear equation is a straight 
line,’ but the proof shows only that the graph 
is a subset of a straight line. Some will object 
to the proof of the third case in this theorem. 
The proof of theorem 6 concludes with, “Now 
any perpendicular to ZL, is parallel to Lez and 
hence must have the same direction numbers as 


572 The Mathematics Teacher | December, 1955 





I, namely A and B.” (Italics mine.) The state- 
ment is meaningless. 

Limits of sequences and functions of a con- 
tinuous variable, and notions of continuity are 
well set forth in e, 6 language in Chapter XI. 
Careful definitions are interpreted in well 
chosen examples, and about as much is proved 
as is possible at the intended level. Chapter 
XII covers a great deal of ground in calculus 
by restricting attention to algebraic functions 
and by liberal use of heuristic arguments. Al- 
most no real proofs are presented. In the defini- 
tions on pages 354 and 356, “‘Az”’ is not properly 
quantified. As a result, the function given by 
f(x) =z? sin 1/z, f(0) =0, would be called both 
increasing and decreasing at the origin, and it 
would also have a stationary point there. The 
effect of these definitions is felt in the proof of 
theorem 23, and in the rules for testing for 
maxima and minima, which have a bad flavor. 
The language here is not consistent with the 
earlier careful e, 5 definitions. 

Of the first five chapters, Chapter II is most 
important to the later chapters of the book. 
In Chapter II there is no genetic construction 
of the real numbers, but rather a knowledge of 
them is assumed and field properties are ab- 
stracted for consideration. Rational, integral, 
and natural numbers are discussed as sub- 
systems of the reals. There is some confusion 
over rational numbers, and names for them. 
It stems from a statement (page 51): “The 
rational numbers consist of the integers together 
with all the fractions of the form A/B(B #0), 
where A and B are integers.’’ The confusion 
affects the proof (p. 55) of the irrationality of 
/3. However, Chapter II is generally well 
presented from the point of view adopted, and 
leads nicely into the discussions of Groups and 
Fields in Chapters III and IV. 

In Chapter I some notions about axiomatic 
systems are discussed. A notation for a state- 
ment calculus is introduced. The usual logical 
connectives are defined and interpreted in many 
good examples. Quantifiers are introduced and 
discussed briefly. There is a certain carelessness 
in treating tacitly quantified statements as if 
they were statements about individuals (for 
instance, section 11). Sections 12 and 13 on 
methods of proof are disappointingly brief, and 
give no clear idea of the structure of a proof. 
The method of indirect proof is described very 
briefly, and the lone example of it is of too 
special a form to be adequate. 

The text is strongest when dealing with 
descriptive material. Motivating discussions 
and heuristic development are good. The prob- 
lem lists are extensive and well balanced between 
the conceptual and the manipulative; they will 
challenge the thoughtful student and allow 
flexibility in course planning. References at the 
end of each chapter to further reading in other 
books and in the American Mathematical 
Monthly seem well chosen. 

The development of material is quite uneven, 
and frequently is not at all on the level of the 


careful introduction of the material. This is 
particularly true of proofs and derivations. The 
text seerns to strive for informality here at the 
expense of a consistent language for proofs. 
There is no consistent pattern with regard to 
forms of proof, or with regard to what shall be 
left tacit in them. Careful language in defin'tion 
is sometimes replaced by loose language in 
the proofs. It seems inconsistent in Chapter IV 
to state the field axioms and then leave many of 
them tacit in proofs, or to develop the necessary 
theorems for manipulating equations in a field, 
and to carry out a proof about equations in a 
field by the methods of elementary algebra 
(see Chapter IV, Theorem 17, ‘Subtracting’’). 
The proofs of Chapter III, Section 5 show vary- 
ing patterns of abbreviation. Axioms explicitly 
cited in the first theroem are tacit in the re- 
maining theorems. Chapter IV, Section 5 is 
another illustration of this. In Chapter IV, Ilus- 
tration 4 is inconsistent in method of treatment 
of the two major steps. The treatment of Illus- 
tration-5 in Chapter IV is inconsistent with the 
definition of the field of integers mod 7 and the 
field axioms. 

It is difficult to reconcile the authors’ atti- 
tude toward proofs with their attitudes toward 
careful definitions and correct mathematical 
concepts. It seems as if the first chapter on 
logic is presented for its own sake, and not as 
something germane to the rest of the book, 
beyond some use of the logical symbolism. It is 
safe to say that the many excellent qualities of 
this book will challenge the thoughtful student, 
but he is also in for some frustration and un- 
necessary confusion. It does not seem likely 
that his ability to construct correct proofs will 
advance much, though he should be able to con- 
struct informal arguments about a wider set of 
mathematical ideas. It may be that this is 
just what the authors have in mind for the 
student, and that what seem inconsistencies tc 
the reviewer are figments of his pedagogical 
and mathematical prejudices. 

In any event, everyone will find much in 
this book with which he will agree, and it surely 
deserves the careful consideration of anyone 
concerned with breaking away from traditional 
mathematics courses. There is much also to 
interest the teachers of high school mathematics, 
who are concerned about the kind of mathema- 
tics their students may encounter in college.— 
Robert M. Exner, Syracuse University, Syracuse, 
New York 


Science Awakening, B. L. van der Waerden, 
English translation by Arnold Dresden, 
Groningen, Holland, P. Noordhoff Ltd., 
1954, 306 pp., $5. 


Science Awakening is the history of Greek 
mathematics with its antecedents in the mathe- 
matics of Egypt and Babylonia. The material is 
presented aginst the background of the civiliza- 
tions that produced it. The iilustrations have 
been chosen with that end in view and each has 
an explanatory note. Chronological summaries 
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are given with each of the major divisions of the 
work so that the developments in mathematics 
and astronomy are keyed to political history 
and to the history of civilization. Throughout 
the book there are descriptions of the social 
conditions that fostered or at times retarded the 
development of exact science. 

In the past thirty years, much has been 
added to our knowledge of the mathematics of 
Babylonia by the researches of Dr. Otto Neu- 
gebauer and others. In the preface, Professor 
van der Waerden states that he has subjected 
the theories regarding the mathematics of the 
ancient world to careful scrutiny and has re- 
jected conjectures for which he finds no positive 
basis. One of these is the supposition that the 
Egyptians used a 3-4-5 triangle in laying out 
right angles. He has shown great care in indicat- 
ing statements that are his interpretations, his 
own hypotheses. There is certain to be disagree- 
ment with some of them, but each is worth con- 
sideration. 

Hypercritical readers will point out occa- 
sional errors. These are easily detected. For 
example, the rope-stretchers Democritus ob- 
served in Egypt are here called harpenodaptae, 
not harpedonaptae. The German Kobel (1514) 
is printed “‘Kédel.” 

In the first chapter, Professor van der Waer- 
den gives an account of Egyptian mathematics 
in considerable detail and takes the stand that 
“since we know the actual historical founda- 
tions (Babylonian mathematics) on which the 
fine edifice of Greek mathematics was erected, 
we do not need to set up hypotheses concerning 
a lost Egyptian higher mathematics. We would 
not be able to demonstrate the validity of such 
hypotheses, and they would in no way serve our 
purpose.” 

The author then considers number systems, 
digits, and the art of computing. Here a theory 
held by Professor Freudenthal links the Baby- 
lonian sexagesimal system of numbers and the 
symbol the Greeks invented to indicate a vacant 
place in these numbers with the Hindu decimal 
system and its zero. 

Babylonian algebra, geometry, and the 
theory of numbers are treated in detail. 

The section on Greek mathematics occupies 
the greater part of the volume. The author be- 
gins with an outline of the relations of the Ion- 
ian Greeks with Egypt, and with Babylon, 
Chaldea, and later with Persia. These chapters 
treat the age of Thales and Pythagoras, the 
Golden Age, the century of Plato, the Alexan- 
drian era with its social and political conditions 
so different from those of the classic period, and 
finally, the decay of Greek mathematics. The 
latter part of the story is quickly told. There is 
little to tell. Mathematics in Alexandria dwin- 
dled to an end about 400 a.p. The school of 
Athens continued for another century, to be 
closed by Justinian. Constantinople remained 
as a center of Greek culture. The so-called 
fifteenth book of Euclid dealing with regular 
solids ‘was written here, and in it there is refer- 


ence to Isidore of Miletus as a teacher. Isidore 
of Miletus is better known as one of the archi- 
tects of Santa Sophia. “After these last flutter- 
ings, the history of Gseek mathematics dies like 
a snuffed candle.” ~+ 

On first reading; one is likely to concentrate 
on the sweep of thesstory, postponing the mathe- 
matical details fortater more concentrated study 
of the work of a particular mathematician or the 
history of the development of a particular sub- 
ject. On further study, the reader resolves to 
supplement this with Dr. Otto Neugebauer’s 
Exact Sciences in Antiquity (Princeton, 1952) 
and Dr. George Sarton’s Ancient Science and 
Modern Civilization (Nebraska, 1954). Dr. van 
der Waerden’s volume is more comprehensive 
than either of these. 

Science Awakening is a happy combination 
of a scholarly treatment of the subject and its 
humanistic background, excellent illustrations, a 
beautiful format, and most important of all, the 
translation into English made by the late Pro- 
fessor Arnold Dresden of Swarthmore.—Vera 
Sanford, Siate University Teachers College, 
Oneonta, New York 


Successful Devices in Teaching Algebra, edited by 
Katharine E. O’Brien, Portland, Maine, 
J. Weston Walch, 1955. Paper, 150 pp., $2.50. 


This book of “‘ideas’’ for teachers of algebra 
is a digest containing 267 excerpts from over 
thirty mathematical and educational sources. 
These ideas are brief and to the point; most of 
them are but one or two paragraphs in length, 
the longest is about one and one-half pages. The 
over-all page size is 8}X11". The printing is 
good. A few words are misspelled. The material 
is presented in eight chapters entitled: 

1. Vocabulary, reading, oral expression 
2. Fundamental operations and the laws 

governing them 

Equations 

““Word-Problems”’ 

Other topics in elementary algebra 
Intermediate algebra 

Classroom procedure, assignments, drill 
and review, testing and grading, provision 
for individual differences 

8. The classroom, multi-sensory aids, recrea- 

tion, mathematics clubs, general Index 

An individual topic, such as ‘Signed Num- 
bers” (Chapter 2), is treated seventeen times. 
The viewpoints provide a diversified discussion 
of the topic. The reader has the option of select- 
ing and using the idea or ideas which appeal to 
him. The result of this is that the teacher is 
equipped with flexible tools for handling chang- 
ing situations. 

So many worth-while suggestions are being 
published constantly that it is virtually impos- 
sible for one teacher to find the time for even a 
sasual reading of the sundry books and period- 
icals involved. The editor of this book has done 
a commendable job in collecting under one 
cover dozens of pedagogical hints for algebra 
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teachers. No doubt several entries were dis- 
carded for every one that was printed. If all had 
been printed, the book would be of inordinate 
length. 

This reviewer believes that the use of the 
word “device” in the title, although correct, 
tends to be misleading. We have read so often 
of “devices for the mathematics classroom’”’ in 
connection with training aids and models that 
we immediately think of a physical gadget 
when we see the word ‘‘device.”’ Actually, few 
physical ‘‘gadgets”’ are described in this book. 

This book is a worth-while addition to your 
personal library. The beginning teacher should 
find several welcome suggestions. The exper- 
ienced teacher is bound to find new ways to pre- 
sent familiar topics. The sources of all quota- 
tions are given so the reader may pursue a 
particular topic in its original form if he desires. 
It would be hoped that publication of this book 
will elicit contributions and suggestions from 
many of its readers and that the future will 
bring revisions which might make them the 
“handbook”’ of the algebra teacher.—James F. 
Ulrich, Arlington Heights Township High School, 
Arlington Heights, Illinois. 


Successful Devices in Teaching Geometry, edited 
by Katherine E. O’Brien, Portland, Maine, 
J. Weston Walch, Publisher, 1955. Paper, 
166 pp., $2.50. 


Successful Devices in Teaching Geometry is 
comparable to Successful Devices in Teaching 
Algebra. Much of Mr. Ulrich’s review, given 
above, would apply to both books. Each book 
presents many diversified comments by numer- 
ous individuals. Since this book is not a conven- 
tional textbook with a rather standard table of 
contents, the reviewer senses a need to present 
the chapter titles: 
1. Vocabulary, reading, oral expression 
2. Foundations: undefined terms, defini- 
tions, assumptions. 

. Theorems; experiment and proof 

. “Originals,”’ applications 

. Locus 

}. Multi-sensory aids 

. Classroom procedures, testing, provision 
for individual differences 

8. Projects, exhibits, field work, recreations, 

mathematics clubs 

9. Teaching for transfer; general. 

Numerous line drawings are used to illustrate 
geometric figures, locus concepts, and multi- 
sensory aids. 

The book is interesting reading, for it con- 
tains excerpts that cause the reader to fluctuate 
between feelings of complete disagreement, com- 
plete acceptance, amazement, and joy. This is 
inevitable, as the persons responsible for the 
statements quoted represent most types of 
alert teachers. For example, this reviewer 
balked at the following quotation although he 
accepted most of the excerpts without much 
negative reaction. 


“When introducing a new topic, I always 
prefer to follow the same explanation pattern 
used in the textbook. I do this even if I do not 
particularly like the textbook explanation. I do 
this for several reasons: (1) I want the pupil to 
have confidence in his textbook, and to believe 
it is worth using, and (2) I want the pupil to 
think it is possible to learn from reading. If he 
happens to be absent from school, I want him to 
know he can catch up with us by studying the 
text. I know that if I follow a different pattern, 
many of the pupils will be reluctant to study the 
text. They will say, ‘I can’t learn from the book. 
I’ll wait until the teacher explains it.’ ”’ 

Since some textbooks present incorrect in- 
formation and inadequate explanations, this 
reviewer cannot agree with the previous state- 
ment. Students can benefit from an intelligent 
appraisal of their textbook if it is done in a posi- 
tive manner devoid of unjust criticism. 

Successful Devices in Teaching Geometry is 
unique and can be of assistance to the teacher 
who is interested in the reaction of others to 
topics related to the teaching of geometry.— 
Roderick C. McLennan, Arlington Heights Town- 
ship High School, Arlington Heights, Illinois. 


Trigonometry, William L. Hart, Boston, D. C. 
Heath and Co., 1954. Cloth, vi+230 pp., 
$3.75. 

This book is designed to be used with high 
school and college students who plan to con- 
tinue the study of mathematics. 

Chapter I relates the trigonometric functions 
to the acute angle of a right triangle. Definitions 
are clearly stated and have a logical placement 
in the content, adequate space is given to signif- 
icant digits, and the use of{tables and interpola- 
tions are introduced early in the text. Although 
the diagrams are numerous and the problems 
seem to be carefully graded, some of the mate- 
rial appears to be rather elementary for high 
school and college students. 

Chapter II gives an excellent explanation 
of logarithms. Illustrations are well placed and 
easily understood. Chapter III permits the stu- 
dent to observe the use of logarithms in trigo- 
nometry by providing a number of applications. 
Approximate data and vectors are given a brief 
treatment in this chapter. 

Chapter IV considers the topic of the general 
angle. From this point the text is identical to 
the author’s College Trigonometry... However, 
the nature of the presentation is not difficult, 
and high school students will be able to under- 
stand the material. 

Spherical trigonometry is handled in the 
same manner as the material on plane trigonom- 
etry. Right spherical triangles are considered 
first, and then oblique spherical triangles. The 


1 William L. Hart, College Trigonometry (Boston: 
D. C. Heath and Company, 1951). 


Reviews and evaluations 575 





third chapter contains a number of good prob- 
lem applications on this topic. 

This text contains 130 pages of tables which 
include the usual tables on squares and square 
roots, the functions, four- and five-place tables 
of logarithms of the functions, and also five- 
place values of the haversines and their log- 
arithms for use in the section on spherical trig- 
onometry. 

A feature of this text that appealed to me 
is the comprehensive review found on pages 160—- 
63. The appendix found on pages 164-74 con- 
tains information that will be of value to most 
teachers, and of interest to some of the better 
students.—Carl L. Nelson, Arlington Heights 
Township High School, Arlington Heights, Illi- 
nots. 


What Every Woman Should Know about Finance, 
Mabel Raef Putnam, New York, Charles 
Scribner’s Sons, 1954. Cloth, xiii+254 pp., 
$3.50. 


This is a much needed book and should be 
required reading for every woman, and also 
for every man; especially it should be required 
reading for every newly married couple, or 
every about-to-be-married couple. 

The first four chapters are the strongest 
chapters in the book; they outline a sane and 
reasonable savings-investment program stress- 
ing the importance of (1) having such a pro- 
gram, (2) adapting it to circumstances, and (3) 
adhering to it. The rest of the book presents de- 
tailed discussion of topics which need to be un- 
derstood in order to carry out such a plan. Based 
on the premise that “economic laws are not 
mysteries,’ the author discusses the following 
topics in terms which, for the most part, the 
layman can understand: insurance, investment 
companies, bonds, stocks, selection of a bank 
and of an investment company, income for 
retirement, making a will, inflation, the gold 
standard. The reviewer wished for a more speci- 
fic presentation of building and loan associa- 
tions; they seem to be an important part of to- 
day’s financial structure. In a few instances, the 
reader may wish for more information, but, all 
in all, the material is easy reading, easy to fol- 
low. 

Although the table of contents is detailed, 
the reviewer wished for an index. It would in- 
crease the usability of the book by making speci- 
fic references easier to find. 

This book is a significant addition to home 
and school libraries. It is important to everyone. 
—Elinor B. Flagg, Illinois State Normal Uni- 
versity, Normal, Illinois. 


DEVICE 


Durex Compass-Protractor-Ruler, Models No. 2 
and No. 8, Circline Ruler Company, 4609 
Waveland Court, Des Moines 12, Iowa. 


Combination compass, protractor, and ruler; 
made of plastic with brass eyelet; 40¢ each, 
postpaid; discounts for quantity orders. 


This combination instrument is available in 
two models, No. 2 and No. 3. Durex No. 2 is a 
plastic ruler 14” 5}” with 58 small holes and 
with a brass eyelet mounted toward one end. 
This model has a 5” rule with 3" subdivisions 
on one edge and a 12 cm. rule with millimeter 
subdivisions on the other edge. The protractor 
scale is arranged in a rectangular fashion with 
1° subdivisions. Durex No. 3 is a plastic ruler 
14” <X6}” with brass eyelet, 58 holes, a 6” rule 
on one edge, and a 15 cm. rule on the other edge. 
The protractor scale is semicircular with 2° 
subdivisions. To use either model as a compass, 
the brass eyelet is placed over the intended 
center and held with one finger. The point of a 
pencil is placed in one of the holes and the ruler 
is rotated around the eyelet. Circles of radii 
varying from ” to 3” may be drawn. Both 
models were designed by W. E. Owen, Jr. 

This device is well constructed and durable. 
The advantages of this triple-purpose instru- 
ment are its compactness, its convenience, and 
its lack of sharp points to scratch desk surfaces. 
As with most dual-purpose tools, it sacrifices 
some desirable properties of the single-purpose 
tools that it replaces. This is most true of the 
compass function of the device. One can draw 
circles only with radii varying from ;%” to 3’, 
and these only with 58 predetermined radii. 
That is, one cannot be assured that he can draw 
a circle or are of any arbitrary radius, even if 
the radius is within the range. The holes in which 
the point of a pencil is placed allow the point to 
wobble if an ordinary lead pencil is sharpened 
to a fine point. Actually, the diameter of these 
holes is one’ millimeter. Another possible weak- 
ness is that one may have some difficulty in 
placing the brass eyelet over the intended center 
of the are or circle, especially in a rather com- 
plicated figure with many line intersections 
nearby. These slight objections may be con- 
sidered by many teachers to be more than offset 
by the convenience and compactness of the 
device.—Richard D. Crumley 


FILMS 


Plucked Strings (5 minutes; $10.50) 
The Simson Line (13 minutes; $28.00) 
The Cardioid (15 minutes; $28.00) 


T. J. Fletcher, Sir John Cass College, Jewry 
Street, Aldgate, E.C. 3, London, England. 
Silent mathematical films; black and white; 
available in 16 mm. or 35 mm. 


1 One set of these films is in this country and may 
be obtained from Henry W. Syer, 332 Bay State 
Road, Boston, Massachusetts, by remitting the 
purchase price to Mr. Fletcher in London. They may 
not be rented or borrowed. 
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These three films are entirely animation of 
mathematical curves using white and black 
lines against a neutral background. 

Plucked Strings shows, in its two sequences, 
the vibration of a taut string which is drawn 
aside at one point of trisection and released, 
and then the vibration of a string which is held 
at one point of trisection and plucked at the 
other before it is released. The subject of this 
film is appropriate to physics classes at a college 
level, and to courses in differential equations. 

The Simson Line starts with a triangle and 
its circumcircle. The Simson lines of points 
diametrically opposite on this circle are shown 
as these points travel around the circle. Then 
the three-cusped hypocycloid which is the en- 
velope of the Simson line appears; the tangents 
and normals to this hypocycloid are studied. 
Other ways of generating this hypocycloid are 
illustrated, and, finally, several orthocentric 
sets of points. 

The Cardioid studies the generation of the 
curve as a one-cusped epicycloid, the tangents 
and normals to this curve, and the smaller 
cardioid which is the evolute of the cardioid. 
These last two films are most appropriate for 
courses in modern geometry, college geometry, 
or advanced synthetic geometry where these 
topics are usually treated. The films, rightly, 
make no pretense of providing proofs for the 
concepts presented. 

These are remarkable films. Their greatest 
use is to point out and illustrate a technique 
and philosophy of making mathematical motion 
pictures which has never become popular in 
this country; nor has seldom even been tried. 
The greatest drawback to the use of these films 
in this country is the subject matter which they 
cover. The study of detailed theorems con- 
nected with the geometry of the triangle and 
many specialized points and lines which are 
associated with it is not now in fashion. Such 
books as those of C. V. Durrell, W. Gallatly, 
J. L. Coolidge, N. Altshiller-Court, and R. A. 
Johnson cover this material, but these books 
are used less and less. This is not true in Great 
Britain. 

These films are still valuable to show pupils 
the remarkable beauty of geometric forms, and 
this beauty is hard to ignore. Even if a class 
does not go on to study in detail the facts il- 
lustrated, these will appeal and will be accepted 
without proof. These films are even more valu- 
able for teachers and producers to study in 
order to encourage discussion of the type of 
film that should be available for mathematics 
classes. Many will complain that these films are 
dull; they do not try to motivate the mathe- 
matics but present the dry facts in the coldest 
geometric fashion. This ignores the fact that the 
teacher is the more important motivating in- 
fluence and only through the teacher’s art and 
understanding of the subject can life be given 
to the presentation. These films require much 
thought by the teacher concerning their method 
of use; they do not take over and teach, but 


provide a kind of illustration, a dynamic pic- 
ture, which moves as no textbook picture can 
ever do. Moreover, this quality of motion is 
used for situations which cannot be taught so 
well without the motion. 

In most films made in this country there 
must be a story, or it least some window dress- 
ing, which catches the interest of the audience. 
Somehow it seems that a compromise between 
cold mathematics and a lively story would be 
worth seeing. 

Without the excellent mimeographed notes 
which explain the films they become almost 
meaningless; certainly it is difficult to find the 
meaning the first time without the notes. This 
is dangerous, for the notes can easily be lost or 
ignored. A sound track, or more adequate titles, 
are greatly needed to carry the explanation 
better. In some places letters on the diagrams 
would be helpful for reference, but they would 
find it hard to keep up with the motion. An 
ideal, but expensive, improvement would be to 
have these films in color with a careful and 
clever coding used to contrast the various 
circles, tangents, normals, and so on. It would 
be helpful to have a filmstrip produced which 
would have the key scenes or the most com- 
plicated ones for further study, for some require 
lengthy concentration. 

Technically these films are rather poor. The 
animation is jumpy and the lighting is uneven. 
With all their faults, though, they will merit 
careful and thoughtful study. Something must 
be done to improve educational mathematical 
films, and these give some valuable ideas.— 
Henry W. Syer, Boston University, Boston, Mass. 


FILMSTRIP 


Iiteracy in Mathematics, Bureau of Audio- 
Visual Instruction, University of Nebraska, 
Lincoln, Nebraska. 35 mm. filmstrip in 
color; 33 frames; educational author, Milton 
W. Beckman; teaching guide included; $5.00. 


The purpose of this filmstrip is to illustrate 
graphically the twenty-nine competencies for 
mathematical literacy proposed by the National 
Council’s Commission on Post-War Plans in 
their guidance report. One frame is devoted to 
each of the competencies. The teaching guide 
provides comments for the teacher to make 
concerning each frame. 

The photographic quality of this filmstrip is 
good, as is the art work by Coleen Flemming. 
The teaching guide includes the descriptions of 
the competencies as found in the Guidance 
Report along with other comments, so the guide 
is very useful. This strip may be used in several 
ways—to serve as a check-list for high school 
students, to assist in the in-service training of 
teachers, to inform the public about some of the 
objectives of mathematics instruction, etc. A 
school’s non-acceptance of responsibility for 
some of these competencies need not prevent 
the use of the filmstrip—the pertinent frame(s) 
could be skipped.— Richard D. Crumley 
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@ TIPS FOR BEGINNERS 


Edited by Francis G. Lankford, Jr., Longwood College, 


Farmville, Virginia 


Optional proofs of theorems 
in plane geometry 


This department of Tae MarHematics 
TEACHER for October contained an article 
on “Helping Pupils Use 
Theorems in Geometry.” 
suggestions were given for helping pupils 
to understand the nature of a deductive 
proof and to develop the ability to prove 
theorems independently. One of these 
suggestions was that teachers encourage 
pupils to develop other proofs beyond those 
presented as models in their books. Pre- 
sented here are some proofs, collected 


There, some 
b 


from various sources, of several of the 
standard theorems in plane geometry, 
which are not commonly available for 
pupil study. It is assumed that if begin- 
ning teachers are familiar with these 
uncommon proofs, they may be able with 
confidence to help pupils develop such 
proofs on their own. 

It will be noticed that some of these 
proofs require additions to the conven- 
tional list of assumptions or they require 
unconventional definitions. In the usual 
proofs of these theorems such assumptions 
are unnecessary, because the supporting 
reason has been earlier proved as a 
theorem. Helping pupils to see this point 
is calculated to help them understand bet- 
ter the role of assumptions and definitions 
in deductive proofs. 


Theorem: If two parallel lines are cut by a 
transversal, the alternate in- 
terior angles are equal. 


Proofs’ of 


by Francis G. Lankford, Jr. 








Figure 1 


. Let O be the midpoint of PR. 
. Through O construct VT perpendicular 
to CD, meeting CD at V and AB 
at T. 
3. AB is parallel to CD. 
. VT is perpendicular to AB. 
5. PO equals OR. 
». Angle TOP equals angle VOR. 
. Triangle PTO is congruent to triangle 
VOR. 
8. Therefore, 
ORV. 
Proof II. 


angle TPO equals angle 
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1. Either angle APR and angle PRD are 
equal or they are not equal. 

2. Assume the angles are not equal and 
draw another line 7'V through P, such 
that angle TPR equals angle PRD. 

. TV is now parallel to CD and we have 
two lines AB and TV parallel to CD 
through point P. 

. This is impossible, hence TPV is not 
parallel to CD. 

5. And angle APR equals angle PRD. 


It will be recognized that the first proof 
above uses a direct proof and the second 
uses an indirect proof. Both of these proofs 
may be found in geometry textbooks cur- 
rently used in schools. It is not always 
true that both proofs will appear in the 
same book. If you are using a book in 
which only one of these proofs is given, you 
may find the other one useful in stimulat- 
ing pupils to develop optional proofs of 
standard theorems. 

Theorem: If two lines form equal alter- 
nate angles with a transversal, 
they are parallel. 


E 
ye sd 
—? 





2 eee ol 





Figure 3 


Proof: 
1. At G draw GA perpendicular to AB; 
make GD equal to AF, and draw FD. 
2. GD equals AF. 
3. GF is identical to GF. 
. Angle AGF equals angle FGD. 
5. Triangle AGF is congruent to triangle 
FGD. 
3. AG equals DF. 
. Angle GDF equals angle GAF. 
. Angle GAF is a right angle; hence 
angle GDF is a right angle. 
9. DF is perpendicular to CD. 


10. Since A and F are equidistant from 
line CD, the line through F and A 
must be parallel to CD. 


Obviously, the proof above is based on 
a definition of parallel lines something like 
this. Lines that are equidistant are par- 
allel. It may also be observed that proofs 
similar to the ones given for the first 
theorem may also be used in the proof of 
the converse theorem. 


Theorem: The sum of the interior angles 
of a triangle equals 180°. 





Figure 4 


Proof: 

1. Through any point £ in side AC, con- 
struct DE parallel to BC and EF 
parallel to AB. 

. Angle 1 plus angle 2 plus angle 3 
equals 180°. 

3. Angle 1 equals angle c and angle 3 
equals angle A. 

. BFED is a parallelogram. 

5. Angle 2 equals angle B. 

)}. Therefore, angle A plus angle B plus 
angle C equals 180°. 


This proof is clearly based on the def- 
inition of a parallelogram as a quadri- 
lateral having two pairs of parallel sides 
and proof of the theorem, ‘The opposite 
angles of a parallelogram are equal.” 
These properties of parallelograms are 
ordinarily studied after the usual proof 
of this theorem on the sum of the angles 
of a triangle, but they are not dependent. 
upon it. You may then use the proof for 
the angle sum theorem that appears in 
your textbook, and later propose the 
figure above and leave the proof to your 
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pupils. This will be both good review and 
helpful in getting pupils to consider op- 
tional proofs. 


Theorem: If two angles of a triangle are 
equal, the sides opposite are 





Proof: 

1. Through C construct DE parallel to 
AB. 

2. From C construct CF perpendicular to 
DE. 

3. Angle A equals angle 1 and angle B 
equals angle 4. 

4. Angle A equals angle B. 

5. Angle 1 equals angle 4. 

). Angles 2 and 3 are complements of 
equal angles 1 and 4. Hence they are 
equal, 

. CF is also perpendicular to AB, and 
hence angles AFC and BFC are right 
angles and equal. 

. CF is identical to CF. 

9. Triangle ACF is congruent to triangle 
BCF. 

10. Therefore AC=BC. 


Step 7 is based on the theorem: If a line 
is perpendicular to one of two parallels, it 
is perpendicular to the other. 


If a series of parallels intercept 
equal segments on one trans- 
versal, they intercept equal 
segments on all transversals. 


Theorem: 


t 


al 














Figure 6 


Proof: 
. Through F draw IJ parallel to ¢. 
2. IF equals AB and FJ equals BC. 
. AB equals BC. 
. Then IF equals FJ. 
5. Angle 1 equals angle 4. 
3. Angle 2 equals angle 3. 
. Triangle EIF is congruent to triangle 
FGJ. 
. Therefore EF equals FG. 
. Similarly, by first drawing a line 
through G parallel to ¢, it may be proved 
' that FG equals GH and therefore that 
EF equals GH. 


This is not basically a different proof 
from the more conventional one that 
constructs lines through each of the points 
E, F, and G parallel to ¢. It is a slightly 
different figure, however. For this reason 
it is a good one to use to help pupils 
develop independence in making proofs, 
rather than to depend merely on memoriz- 
ing model proofs found in their books. 





Mother: “What in the world is all that loud talking and arguing about in the living room?” 
Sonny: “Aw, Grandpa’s trying to show Pop how to do my homework,” 
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@ WHAT IS GOING ON IN YOUR SCHOOL? 


Edited by John A. Brown, University of Wisconsin, Madison 6, Wisconsin, and 
Houston T. Karnes, Louisiana State University, Baton Rouge 3, Louisiana 


Geometry as an aid in teaching some facts 


about series discounts 


by Linda Allegri, Hunter College High School, New York, New York 


In teaching series discounts one often 
has difficulty in convincing students that 
re-ordering the discounts does not affect 
the answer. By using area for two dis- 
counts and volume for three, one can give 
a concrete illustration of the commuta- 
bility of the discounts in these two cases, 
and at the same time, obtain a formula for 
the single discount equivalent to the series. 
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Figure 1 


‘Two DISCOUNTS 
Let the area of rectangle AC (lw) (Fig. 
1) represent the list price; let r; and rz 
represent the rates of the first and second 
discounts respectively. Then the width rj/ 
of rectangle CE represents the first dis- 
count, and the width raw of rectangle AG 


_ the second discount. The proceeds are 


represented by rectangle DG. 


Conclusions: 

(1) The order in which the two dis- 
counts are taken does not affect the size of 
DG, the proceeds. 

(2) The area of the shaded section in 
Figure 1 represents the single discount 
which is equivalent to the successive dis- 
counts. This single discount can be calcu- 
lated as follows: 


single discount = area of CE+ area of AG 
=r,lw+r2w(l—rjl) 
=r,lw+r.lw—ryrlw 
=(ritre—rir2)lw 
=(ritre—Prire) Xlist price 
The rate of the single discount is there- 
fore (73 +1r2—Tifo). 
THREE DISCOUNTS 


The above procedure can be extended 
to the case of three discounts by using a 
rectangular solid AG, volume lwh (Fig. 2) 
to represent the list price. 

Let the’rectangular solid AN represent 
the first discount. 

Volume of AN=ABXBCXNC 
=1XwXryh 


=r; xXlwh 
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Let LS represent the second discount. 
Volume of LS=ERXEH XEL 
rel XwX (h—r,h) 
=relwh—ryrolwh 
=(re—-ryre)lwh 
‘The volume SQ, which represents the 


third discount, is caleulated in a similar 
manner: 


Volume of SQ=GPXGSXGN 
=r3w(l—rel)(h—ryh) 


=(r3—Pos—Pifstrires)lwh 


Total discount 
= Volume of AN+ Volume of LS 
+ Volume of SQ 
=r lwh+(r2—ryre)lwh 
+ (13 —Per3—Pirstrirers)lwh 
=(ritre—riretrs 
—Por3—Pirst+rirers)lwh 
Single rate of discount 


=PTitretrs—rile—Pils—TolstHrirers 


Figure 2 
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Work problems made easy 


by C. Robert Clements, Choate School, Wallingford, Connecticut 


One nice thing about completing a coin 
problem is that we can check the bank 
to see if it contains the correct amount 
of money. We are not quite that fortunate 
with work problems. Even though we 
know that John can mow the lawn in four 
hours alone, and Bill also can do it in four 
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hours alone, we are not sure it will take 
them two hours together. If they are 
brothers we know it will take them 
longer, because they will try to decide 
upon boundary lines, they will choose for 
the better mower, and they will argue 
about who left the high spots. 
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For some reason work problems cause 
even good students a great deal of diffi- 
culty. Perhaps they fall down on this type 
problem because they are not sure where 
to begin or just how to go about the solu- 
tion. Because we can not spend too much 
time on the topic, it is essential that the 
teacher present a general method that 
will insure good results. The students 
“understand” the problems which are 
presented on the blackboard; they even 
answer correctly each of the questions 
we ask during the solution. But they must 
ask the questions in the final analysis, 
and our job is to present to them a workable 
approach. Four simple questions, asked 
by the student in the correct order, will go 
a long way toward obtaining correct solu- 
tions. 


1. How long to do the job alone? 

2. How much in one unit of time? 
3. How many units of time worked? 
4. Fraction of job done? 


The solution of the following problem 
illustrates the use of these questions. 


Problem: A newly installed copper pipe 
can empty a pool in six hours. This new- 
comer, working together with the old cast- 
iron model, can empty the pool in 3 3/7 
hours. How long would it take the cast- 
iron pipe alone to empty the pool? Solu- 
tion: Our method of attack is to represent 
the whole job as a unit, one. Then each 
pipe does a fraction of the job. The sum of 
these fractions equals the whole job, or 
one. Applying the questions for each pipe: 


Copper Cast-iron 
pipe: pipe 


Question 


How long to do job 
alone x hrs. 
How much in one hour? 1/6 l/x 
How many hours 
worked? 3 3/ 
Fraction done? 33/ 
6 x 


6 hrs. 


33/7 
33/7 


where x represents the time in hours for 
the cast-iron pipe alone to empty pool. The 


equation is formed in the following man- 
ner: 
Fraction copper pipe does + Fraction cast- 
iron pipe does = Whole job, or 1 
33/7 33/7 

see a cmnitie SER l 

6 x 
Solving, x =8 hours; time for cast-iron pipe 
alone to empty pool. 


The new copper pipe also is allowed to 
fill the pool, but at a different rate from 
which it empties it. If the pool should be 
one-quarter full and the cast-iron pipe 
should be draining water out of the pool 
while the copper pipe takes twelve hours 
to finish filling the pool, how long would 
it take the copper pipe to fill the entire 
pool with the cast-iron pipe closed? 


Solution: Let x represent the time in hours 
for the copper pipe to fill the whole pool 
alone. Since the pool is one-quarter filled 
already, the total job left to be done is 
three-quarters, instead of one. The ques- 
tions follow: 

Copper Cast-iron 

pipe pipe 


Question 


How long to do job 

alone? xhrs. 8 hrs. 
How much in one hour? 1/z 1/8 
How many hours 

worked? 12 12 
Fraction done? 12/z 12/8 

Since the copper pipe is filling the pool 
while the cast-iron pipe is emptying the 
pool, the equation will take the form: 
Fraction copper pipe admits—fraction 
iron pipe empties =3/4 of job 


12/z—12/8=3/4 


Solving, x =5 hrs. 20 min.; time for copper 
pipe to fill pool alone with iron pipe closed. 


Now one Sunday afternoon as the pool 
was being emptied by both pipes, some 
boys decided to liven things up by letting 
an eel loose in the water. The eel wanted 
no part of screaming girls and started 
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looking for an exit. One of the more ob- 
servant lads noticed that the pool was 
three-quarters filled at this time. 

Any healthy eel would have difficulty 
seeing with its eyes smarting from the 
chlorine, and this fellow was no exception. 
It wasn’t until two hours later that the 
same boy noticed the water receding more 
slowly. He concluded that the eel was 
stuck in one of the pipes and observed 
that during the two-hour interval the 
water had lowered to the one-quarter-full 
mark. When did the eel get stuck, and in 
which pipe was he lodged? 


Solution: One-half the pool was emptied in 
two hours, a rate that would empty the 
whole poo! in four hours. Neither pipe was 
capable of this alone, so the eel could have 
lodged in either pipe. Consider each case 
separately. 

a) Case of the clogged copper pipe. 
Let x represent the time in hours both 
pipes worked together (this will be the 
time elapsed before the eel was caught). 
Then 2—z will represent the time in hours 
the cast iron pipe worked alone. The equa- 
tion will take the form: 

Amount both pipes did together + Amount 
iron pipe did alone —1/2 job 


Question 


How long to do job alone? 
How much in one hour? 
How many hours worked? 


Fraction done? x/6 


The equation becomes 
2-2 
z/6+2/8+——=1/2 


> 


3S 


Solving, x =1 1/2 hr. or 1 hr. One hour and 
twenty minutes after the eel was placed in 
the pool, it may have lodged in the copper 
pipe. 

b) A similar analysis of the clogged 
cast-iron pipe would develop the equation 


2-2 
2/6-+2/8-+—— =1/2 


Both pipes working together 
Copper pipe 
6 hrs. 


Solving, x=1 1/3 hrs. or 1 hr. 20 min. 
One and one-half hours after the eel was 
placed in the pool, it may have lodged 
in the cast-iron pipe. 


In each of these problems the underly- 
ing principles are the same, and the stu- 
dent is afforded a definite direction of ap- 
proach. The teacher’s task is made easier 
because instead of trying to explain each 
of the standard type problems, he can 
concentrate on one method that will work 
for all the problems. 

If a teacher wishes to prepare students 
for standardized tests, he may demon- 
strate the quick method of solving simple 
problems similar to the following. Prob- 
lem: If Jim can do a job in ten hours and 
if Bob can do the same job in six hours, 
how long will it take them working to- 
gether to do the job? Solution: The result 
is the product of the two given times 
divided by the sum; 60+ 16, -which equals 
3 hr. 45 min. 


In general, if A can do a job in a hours 
and B can do the same job in b hours, 


ab 


together it will take them - hours. 


a+b 


Tron pipe alone 
Tron pipe 
8 hrs. 
1/8 l 
x 2 
2 


2/8 


°] 


8 hrs. 
8 


my 
x 


8 





This is easily derived as follows: 
Let x represent the time in hours they 
work together to do the job. 


Question y, B 


How long to do job 
alone? 
How much in one hour? 1/a 1/b 
How many hours 
worked? x x 
Fraction done? x/a x/b 


ahrs. b hrs. 
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The equation will take the form 
x/a+xz/b=1 


Solving, 
br+azr= ab 
(b+a)x= ab 
x= ab 


a+b 


In a similar manner it can be shown that 
if A can do a job ina hours, B the same job 
in b hours, and C the same job in c hours, 
working together, the time it will take 
them in hours is represented by the ex- 
pression 

abe 


ab+ac +be 


Los Angeles City College Mathematics 


Prize Competition 


by Ben Gold, Los Angeles City College, Los Angeles, California 


Each year Los Angeles City College 
holds a William B. Orange Mathematics 
Prize Competition for high school students 
of Los Angeles City high schools.' Last 
year thirty-three schools entered the con- 
test. The team winner was Fairfax High 
School. There were individual prizes con- 
sisting of slide rules, mathematics books, 
subscription to magazines of interest to 
mathematics students, and mathematics 
handbooks. 

Several test items used for the examina- 
tion were: 


Part I 


1. Given that AD bisects angle A, angle 
C =90°, then CD must be: (a) less than DB, 


1 The first annual competition was reported in 
‘“‘What Is Going on in Your School?” Tue Martue- 
MATICS TEACHER, XLV (January 1952), p. 34. The 
second annual competition appeared in the same 
department, XLVI (November 1953), p. 536. The 
third annual competition appeared in the same de- 
partment, XLVII (February 1954), p. 129. 


(b) equal to DB, (c) greater than DB, (d) 
more information needed, (e) none of these 
answers. 

. The real roots of ./2z — \/z—1+3=0 are: 

(a) 50 and 2, (b) 50, (ce) 2, (d) no real roots, 
(e) none of these answers. 
A and B together do a job in d days. If A 
works ¢ times as fast as B, A could do the 
job alone in how many days? (a) d/t, (b) 
t/d, (c) d{(t+1)/t], (d) d[(t—1)/t), (e) 
d{t/(t+1)]. 

. If our present number system were based on 
seven instead of ten, the sum of 23 and 44 
would be: (a) 67, (b) 94, (c) 124, (d) 100, 
(e) impossible. 

5. The third term of the arithmetic progression 
1/8, 276, . <:. tz @ I/F, <8) - 1/3) tet, 
(d) 4/15, (e) 1/15. 

3. Which of the following is the largest? (a) 
(1000)'°, (b) 10299, (c) 100%, (d) (100), 
(e) 1,000,000,000,000. 

. The shortest chord that can be drawn 
through a point three inches from the center 
of a circle of radius six inches is: (a) 3/3, 
(b) 6 inches, (c) 64/3, (d) zero, (e) 12 inches. 

. A quadrilateral can be inscribed in a circle if 
and only if: (a) it is a parallelogram, (b) it 
is a rectangle, (c) it is a square, (d) its op- 
posite angles are supplementary, (e) its 
diagonals are equal. 

9. The locus of the midpoints of chords passing 
through a fixed point P within a circle, 
center O, is: (a) the line OP, (b) a circle, 
center O, radius 40P, (c) a circle, center P, 
radius 40P, (d) a circle, center p, radius OP, 
(e) a circle with OP as diameter. 

. The sum of the whole numbers from 1 to 
100, omitting those divisible by 4, is: (a) 
3788, (b) 5050, (c) 3750, (d) 4600, (e) none 
of these answers. 

. The solution to 32+2 =3z is: (a) x=0, (b) 
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x =2/3, (c) x= —2/3, (d) all values of z, (e) 
no solution. 

If a, &;«, and d are positive numbers, a <b, 
and c<d, which of the following is not 
necessarily true? (a) ac <bd, (b) ad <be, (c) 
a/d<b/ce, (d) a+e<b+d, (e) a—d<b—e. 


Part IT (Show all work on this part) 








1. A regular hexagon is inscribed in an equi- 
lateral triangle of side S. The midpoints of 
pairs of opposite sides of the hexagon are 
joined to form a rectangle. Find the area of 
the rectangle in terms of S. 

The following postulates together with the 
undefined elements point and line determine 














a type of geometry quite different from the 
familiar plane geometry of Euclid. (For ex- 
ample, postulate IV tells us that for each 
point of this new geometry, there are 3 and 
only 3 lines which pass through the point.) 
Reasoning from the given postulates, prove 
theorems A, B, and C. 


Postulates: 


I. There exists at least one point. 
II. Not all lines pass through the same point. 
III. Two distinct lines have at most one point 
in common. 
IV. Exactly three lines pass through each 
point. 

V. For any line / and a point P not on /, there 
exists one and only one line /’ passing 
through P and having no point in common 
with 1. 

For any point P and a line / not passing 
through P, there exists one and only one 
point P’ on / such that no line joins P and 


oe 


Theorems: 

A. There exists at least one line. 

B. Not all points lie on the same line. 

C. Every line passes through three and only 
three points. 

(This question was modified from materials 

found in ch. 17 of Richardson’s Fundamentals of 

Mathematics.) 


Further deciphering of the general trinomial 


by James P. Brown, Southwest High School, Atlanta, Georgia 


In a recent issue of THE MATHEMATICS 
Teacuer Gifford Welling presented an 
article on ‘Deciphering the General 
Trinomial.”! This brought to mind two 
methods I use that have elements in com- 
mon with the systematic attack of Mr. 
Welling, one that is designed to interest 
the student and the other possessing an 
orderliness that makes it appealing to the 
student. 

I present the first metbod in the manner 
that I introduce it in the classroom. My 


1 Gifford Welling, ‘““Deciphering the General Tri- 
nomial,’” THe Matuematics Teacuer, Vol. XLVIII 
(February 1955), pp. 108-109. 


students know I am no artist, and their 
curiosity is aroused when I announce that 
on the following day I am going to draw a 
picture of a very helpful lady. Though I 
call her “Minnie the Goon” (if there are 
no Minnies in the classroom), I assure 
them that she is their friend when it comes 
to factoring the trinomial. 

The next day Itdo not have to wait 
long for someone to remind me of the 
promised presentation. Very deliberately 
[ draw a pair of parentheses, exaggerating 
the outside ones to make what will be the 
ears. ¢ Tt ? I continue, “Now 
i ? “And 


VY 


she needs a nose.”’ 
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of course, a chin.” ¢ 


“A plus sign makes a good mouth.”’ 
¢ Ti ? “Now, her head. Poor 


VY 


+ 


thing, she was dropped 
on that little pointed 
head by a careless al- 
gebra student who 
was baby-sitting with 
her. 

“‘As a hat she puts on the problem that 
we want to factor. Place it exactly—you 
know how fussy women 
are about these things Sy? - 17x - 12 

so that the first term ¢ mT y) 
of the hat just covers VY 
the left point of the 
head, and the last term 
fits over the other 
point. 

“Now, to fill the parentheses, we con- 
sider the product of the first and third 
terms, ACX?, when the trinomial is ar- 
ranged in the form AX?+BX +C, and the 
middle term, BX. Through trial and error 
we must find two quantities that, multi- 
plied, give this ACX? and, added, give 
BX, giving due regard to sign. In our 
problem, 5X?—17X —12, the two quanti- 
ties that, multiplied, give —60X? and 
that, added, give —17X 
are —20X and 3X. Put 
either of these, say 3X, 
right under Minnie’s 
nose; and the other, 
under her chin. We are 
now ready for the 
finishing touches. 

“Follow the lines that make the face. 
There are two lines pointing at every 


+ 


sy* - i7X -12 


20x 


blank to be filled in within the paren- 
theses. The lines at the first blank, the 
first term of the first parenthesis, indicate 
that we must find the largest common 
factor of —20X and 5X2, which is 5X. 
Putting 5X in the first blank, we set a 
pattern to follow since 
the broken lines indi- 
cate products. The first 
terms of parentheses e, 

must produce 5X? ac- ox 
cording to the line, so + 

an X goes at the other 

extremity of the line. ~20x 
Following the ‘nose 
line’ tells us that a 3 finishes out the first 
parentheses. The right outline of the head 
finishes the job with a —4. The outline 
of the chin, —20X, serves as a check.” 

The advantage to this method, as in 
Mr. Welling’s approach, is that it does 
away with some of the trial and error of 
the usual treatment. My classes get a kick 
out of the diagrammatic representation 
and have been quick to grasp the role of 
the middle term. 

Another method that I find myself using 
more and more is to use part of the above 
to change the general trinomial to a 
polynomial of four terms factorable by 
grouping. After finding the terms that, 
multiplied, give the master product, 
ACX?, and, added, give BX, the middle 
term of the trinomial is expressed as this 
sum or, in the problem above, 5X?—20X 
+3X—12. Notice that the order of the 
middle terms is immaterial and that either 
arrangement gives a result that is factor- 
able by grouping. The factoring requires 
more steps, but I feel they are justified 
because they give the student a picture of 
factoring as the reverse process of multi- 
plication. Proceeding from the step above 
this is obtained, 5X(X —4)+3(X —4) 
which shows the first term of the multiplier, 
5X —3, X multiplied by the entire multi- 
plicand, X —4, and then the second term 
in the same manner. 


sx® — 17K - 12 


€ sx+#3 )( x-4 7 
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@ NOTES FROM THE WASHINGTON OFFICE 


Edited by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D.C. 


The establishing of the new journals 


August 23, 1953, might with reason be 
said to date the beginning of a new era in 
The National Council of Teachers of 
Mathematics. For it was on this date that 
the Board of Directors made its final de- 
cision to introduce two new journals, the 
Arithmetic Teacher and the Mathematics 
Student Journal. Editors were selected, 
general plans were outlined, and then the 
editors, executive committee, and the 
executive secretary were instructed to 
work out the details. 

Many members of the Council may be 
interested in knowing of some of the pro- 
cedures used and problems involved in 
setting up the journals and selling them 
to the teaching public. Also this record 
should be written up because of its signifi- 
“ance in the history of the Council. This 
brief report may serve both purposes. 

As one looks back, the schedule adopted 
by the Board of Directors seems ambitious 
indeed. The first issue of each journal was 
scheduled to be mailed in February, 1954. 
This meant that each editor had not more 
than four months’ time in which, starting 
from scratch, with no backlog of articles 
and papers, no established group of con- 
tributors, no precedents, he had to solve 
problems of format and design, establish 
working procedures, and collect and pre- 
pare for the printer all the materials 
needed for a complete issue. Meanwhile 
the Washington Office had to publicize the 
journals, build up the subscription lists, 
set up new files, work out new office pro- 


by M. H. Ahrendt 


cedures for processing the subscriptions, 
design and print new office forms, and 
train new clerical help. 

As we all know, there are many varied 
and wondrous ways of introducing new 
products to the American public. One 
might buy advertising space, buy radio or 
television time, use direct mail promotion, 
hire a professional promotion agency, offer 
special introductory rates, give away 
premiums, or give away free introductory 
copies. Most of these devices were too ex- 
pensive to be available to the Council. 

It was late in October before details 
were sufficiently complete to permit gen- 
eral announcements. News releases were 
then sent: by the executive secretary to all 
of the educational news services of which 
we knew, to the state representatives of 
the Council, and to many other persons 
in strategic positions in the field of educa- 
tional publishing. These news releases 
thus reached, directly or indirectly, prac- 
tically all educational journals in the 
United States and many newspapers. By 
this time, however, most December edi- 
torial deadlines had already passed. We 
sincerely hoped that the various journals 
would print our announcements in their 
January issues. Time was short indeed if 
we were to have any subscriptions by 
February. 

The official announcment to the Coun- 
cil was made by the president, John R. 
Mayor, in the December 1953 issue of 
Tae Martruematics TEACHER, and was 
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accompanied by display advertisements 
prepared for each journal by the execu- 
tive secretary. Advertisements were run 
in each of the next four issues of THE 
MatTuemMatics TEACHER. We also placed 
advertisements on an exchange basis, 
without cost, in five other journals that 
would reach the desired audiences. 
Circulars announcing the journals and 
containing order blanks were distributed 
in large quantities through the state rep- 
resentatives and as enclosures in mail 
leaving the Washington Office. One in- 
teresting and unexpected problem was the 
phrasing of a statement which would give 
in clear, concise, brief terms the arrange- 
ments for bundle subscriptions to the 
Mathematics Student Journal. Several re- 
visions were needed before we found a 
statement that seemed nearly foolproof. 
Complimentary copies of the first 


(February) issue of the Arithmetic Teacher 
were sent to the 10,500 names on the 
mailing list of the Elementary School 
Principals. About 1000 copies of the second 
(April) issue were sent to a selected list 


of elementary supervisors. The free copies 
contained an insert in the form of a pos- 
tage-paid subscription-order card. The 
results from this promotion were disap- 
pointing, as only about 400 subscriptions 
could be traced to this giveaway of 11,500 
copies. 

The paid subscription list, when the 
first issue was mailed, numbered about 
1000. The list continued to build up at 
the rate of about 1000 copies per issue, 
reaching 3700 subscriptions for the fourth 
issue in December, 1954. 

About 35,000 complimentary copies 
of the first issue of the Mathematics Student 
Journal were mailed to all high schools in 
the United States and to all members of 
the Council. The number of copies called 
for by paid subscriptions at the time of the 
first mailing was about 13,000. The paid 
mailing list continued to build up rapidly, 
reaching nearly 30,000 copies for the 
second issue in April, 1954, and 32,000 
for the fourth issue in December, 1954. 


Because of the great saving in postage, 
we desired to obtain as early as possible 
second-class mailing privileges for each 
journal. The fact that the second-class 
privilege cannot be used with compli- 
mentary materials introduced two tem- 
porary complications. First, we could not 
obtain second-class rates while we were 
mailing free introductory copies. Second, 
since the Mathematics Student Journal is 
mailed in bundles to a single name and 
address, we had to make a survey to find 
out whether the persons receiving the in- 
dividual copies were actually paying for 
them. We found that in the majority of 
cases they were. Both journals received 
second-class mailing privileges beginning 
with the issues for October, 1954. 


Everything considered, the growth of 
the new journals has been remarkable. 
The Mathematics Student Journai was 
self-supporting in its second issue, and the 
Arithmetic Teacher in its third issue. The 
amount spent in sales promotion was 
roughly $1000 for each journal, Of the 
various methods used to promote the 
journals, the most effective promotion ap- 
peared to come from within our own or- 
ganization. It has been the announce- 
ments at meetings of the Council, the cir- 
culars distributed by the state representa- 
tives and other Council leaders, and the 
cooperation given by Council members 
that have enabled the new journals to suc- 
ceed. 

The new journals are now facing their 
first ‘‘acid test.”’ The first expirations took 
place in the spring of 1955. Many persons 
will subscribe to a new journal out of curi- 
osity. But only satisfied customers will 
renew. Then there is always some mortal- 
ity in a mailing list because of changes in 
the interests or work of the subscribers. To 
date these losses are being offset by new 
subscriptions. With your cooperation and 
support each journal should continue to 
grow and to fill even better the place in 
mathematics education for which it was 
designed. 
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The NEA and The National Council 


of Teachers of Mathematics 


by Allene Archer, Chairman, Committee on Relations with the NEA 


Last June The National Council of Teach- 
ers of Mathematics celebrated its fifth an- 
niversary as a department of the National 
Education Association, the largest educa- 
tional organization in the world. We, the 
members of these associations, have many 
reasons to be proud of them and believe 
that the affiliation is mutually helpful. 

Have you seen the new NEA building? 
A good place to start is in our own Coun- 
cil office, Room 701, high up above the 
noise and bustle of the busy Washington 
streets. Here the Executive Secretary of 
the National Council and his staff carry on 
the work of the Council in light, air- 
conditioned rooms, which are furnished by 
the NEA without charge. Even the tele- 
phone service is included. 

The NEA also offers many other serv- 
ices through its departments. Its Business 
Office saves us much money in purchasing 
supplies and materials. The Mailing Room, 
Records Division, and Multigraph Section 
sell us their services at cost. Free account- 
ing service is available through the Busi- 
ness Office and the Division of Accounts. 
The NEA runs several articles on mathe- 
matics education in its journal each year. 
The journal also advertises our publica- 
tions free of charge. Each year at the NEA 
convention, the National Council is pro- 
vided with a booth for the display of its 
materials. 

In Boston, last April, the question arose 
in the meeting of the Board of Directors, 
“What can The National Council of 
Teachers of Mathematics render to the 
NEA for its many services and benefits?’ 

The Directors felt that the appreciation 
of The National Council of Teachers of 
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Mathematics, as a department of the 
NEA, could best be shown by a financial 
gift to the Building Fund of the NEA. The 
picture shows our president, Mrs. Marie 
Wilcox, accompanied by Mr. M. H. 
Ahrendt, Executive Secretary, presenting 
a check for $1000 to Dr. Karl H. Berns, 
Executive Secretary for Field Operations, 
NEA, Washington, D. C., from the Na- 
tional Council. 

Since the NEA will continue to help the 
National Council, Council members can 
show the NEA that they appreciate its 
services by becoming life members of the 
NEA. The dues paid by life members go 
directly into the NEA Building Fund. 

When you are in Washington during 
Christmas holidays for the meeting of 
The National Council of Teachers of 
Mathematics, be sure to visit our offices 
in the lovely new NEA building. 


Dr. Berns, at left, ef the NEA receives the 
contribution made by The National Council of 
Teachers of Mathematics, presented by Marie 
Wilcox and M. H. Ahrendt. 
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Highlights of the Fifteenth Summer Meeting 


by Philip Peak, Chairman of Local Arrangements, 


To all of you who were prevented from 
attending the Fifteenth Summer Meeting 
of the National Council held in Blooming- 
ton, Indiana, we offer our condolences. 
Many strange, interesting, enjoyable, and 
intellectual things happened at this meet- 
ing, and we can only bring you a brief 
word- and picture-summary of events. 

Irwin Feinstein was not sufficientiy re- 
covered from having his wife present him 
with a new baby to give his talk on frac- 
tions. Then, of course, we had the mem- 
ber who took a siesta before the banquet 
and awoke to attend at 6 a.m. the follow- 
ing morning. We had no casualties, how- 
ever, but President Wilcox did get lost in 
Smithwood where we were housed. It is 
said that Walter Gingery proved his metal 
on the fun night so well that he was hired 
to teach mathematics at Knox College. 


University of Indiana, Bloomington, Indiana 


We understand the Brown County 
Playhouse production of ‘Night Must 
Fall,’ under the able direction of Dr. 
Lee Norvelle, caused many locked doors in 
Smithwood. In spite of all these strange 
occurrences, one of the Christian Youth, 
also housed in Smithwood, was heard to 
remark, “These mathematics teachers 
look just like people.” 

The time was not all spent doing things 
social. All meetings were well attended. 
(Only meeting rooms were air-condi- 
tioned.) Vernon Price arranged for an ar- 
ray of talent seldom available in one 
place. From the time W. W. Wright, Dean 
of the School of Education, started us off 
on a note as to the universality of the 
language of mathematics until Frank 
Allen closed the convention before the 
microphone with a plan for more efficient 


alia ans a 


At left: Myrl Ahrendt did take time out from his many duties to eat, it would appear. Middle: 
Frank Allen at the microphone. At right: left to right, Saunders MacLane, Faith Novinger, Luther 
Shetler, Mrs. Shetler, and at the end of the table, Vice-president Glenn Ayre. Dr. MacLane must 
realize that Tuesday will be a hard day, as he fortifies himself at the Brown County picnic. 
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mathematics teaching, we were bombard- 
ed with ideas and motivated into thinking 
about mathematics. 

All of Tuesday was set aside to discuss 
the modern approach to mathematics. 
What we heard, we liked. Saunders Mac- 
Lane set the stage by outlining what can 
be and is being done with the modern ap- 
proach. The sectional meetings following 
this introduction and the TV show pro- 
vided wide opportunity for discussing the 
problem and _ analyzing its potential. 
Someone was heard to remark that Dr. 
MacLane’s address was as significant as 
the presidential address of E. H. More, 
given over fifty years ago. 

J. C. Polley brought the intellectual 
day to a close with a fitting lecture on the 
same topic, given at the banquet. Per- 
haps there has never been a single day 
when so many people have given their 
best thought to a single problem. 

Wednesday morning dawned bright 
and clear, and although many vacations 
beckoned, over three-fourths of the regis- 


Left to right: Milton Beckman, Frank Allen, 
Olive Wear, Marie Wilcox, and 
Henry Van Engen. 


tered group stayed for the last event. The 
people at the luncheon tables seemed as 
enthusiastic as if it were the first day of 
the convention. 

The National Council can be proud of 
its membership. To realize this, one needs 
only to stand, as I have, and watch so 
many people so willing to accept responsi- 
bility and produce such excellent results. 
Orchids to them! 


Current membership campaign 


of The National Council of Teachers 
of Mathematics 


by Mary C. Rogers, Chairman, Membership Campaign Committee, 
Roosevelt Junior High School, Westfield, New Jersey 


The National Council of Teachers of 
Mathematics has gained tremendously in 
influence and effectiveness over the years. 
This growth is due, in large part, to the 
strength of the leaders who have directed 
its activities and programs of service. 

A very great deal of the strength of the 
Council is also due you, its many members 
throughout the country and abroad. Your 


loyalty and enthusiastic support furnish 
the foundation upon which this organi- 
zation is built. 

In past years, it has been the regret of 
the Council that its services were not 
reaching more mathematics teachers and 
other persons interested in mathematics 
education. We want very much to correct 
this inadequacy; and we are working hard 
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to do so. We need your help. We are con- 
vinced that our objective can only be 
realized through your optimum assistance. 


CURRENT MEMBERSHIP GOAL 
—15,000 MEMBERS 


In the spring of 1954, Mrs. Marie 8. 
Wilcox approached the chairman of this 
committee and asked her to lead a group 
in conducting a membership campaign 
for the National Council. At that time the 
membership total was 10,001. Mrs. Wil- 
cox suggested a goal of 15,000 members, 
this goal to be reached by April, 1956. 


COMMITTEE PERSONNEL AND SERVICES 


During the fall of 1954, Mrs. Wilcox ap- 
pointed the following committee: 

JANET Hereut, Wakefield, Massachu- 
setts 

Fairu NovincGer, Washington, D. C. 

Bess Patton, Atlanta, Georgia 

PrARL Bonn, Beaumont, Texas 

Ciark L. Lay, Pasadena, California 

Haroutp J. Hunt, Seattle, Washington 

Mary Reep, Benton Harbor, Michigan 

NELLIE L. ALEXANDER, Edwardsville, 
Illinois 

Lucy Hau, Cheney, Kansas 

NELLE KitcHEens, Columbia, Missouri 

Myru H. Aurenpt, Washington, D. C. 

Mary C. Rocers, Chairman, West- 
field, New Jersey 


We on this Committee serve as advisors 
and coordinators to the State Representa- 
tives and to the Affiliated Groups in the 
matter of membership solicitation for the 
National Council. 

We also constitute a liaison group be- 
tween the Officers and Board Members of 
the National Council, and these state and 
local officers in the matter of NCTM mem- 
bership. 

Myr! H. Ahrendt, Executive Secretary 
at our Washington Office, remains Chair- 
man of the State Representatives. The 
major service of these Representatives to 
the National Council is the solicitation of 
memberships and the dissemination of 


publicity regarding National Council ac- 
tivities and services. In his position as 
Chairman of State Representatives, Mr. 
Ahrendt is an ex officio member of the 
Membership Campaign Committee and 
is working closely with us. 


REACTIONS 


The Membership Campaign Commit- 
tee submitted preliminary plans to the 
NCTM Board at its St. Louis meeting; 
and a progress report at the Boston Board 
Meeting. The Board expressed general 
approval of all plans submitted and voiced 
real optimism as to anticipated outcomes. 

The Board strongly favored our plan 
of reaching goals by state campaigns, 
whereby each state is challenged to bring 
about a 50 per cent increase in NCTM 
membership by April, 1956; this per cent 
of increase to be based on the membership 
totals by states as of May 1, 1954. The 
Board re-defined the 15,000 goal to in- 
clude memberships and institutional sub- 
scriptions. 

The Board ruled that memberships 
shall include: 

1. All individuals paying $3.00 member- 
ship fees each year and receiving either 
The Mathematics Teacher or the Arith- 
metic Teacher. There will be six issues of 
the Arithmetic Teacher each year. Per- 
sons desiring both of these publications 
may receive the two for an annual fee of 
$5.00. Such a double subscription, of 
course, constitutes one membership in 
each case. 

2. All Junior Members—These persons 
will be students of mathematics in any 
college, university, or similar insti- 
tution of learning. The Junior mem- 
bership fee is $1.50 each year. The stu- 
dent receives full NCTM membership 
privileges, including his choice of The 
Mathematics Teacher or the Arith- 
metic Teacher. 


PROGRESS IN MEMBERSHIP CAMPAIGN 


Commendable’ progress is being made 
by the various states toward the realiza- 
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tion of the 15,000 goal, but we still have a 
long way to go. Will you please help us 
toward success in service to the Council? 
We need the most effective assistance of 
each one of you. We are submitting here- 
with an analysis of campaign progress to 
date. Please study it carefully and plan 
your individual campaign accordingly. 


We are pleased to announce: 


1. All states but two show net gain in 
membership since April 1, 1954. 
Thirty-three states show continuous 
growth. 

. Since the Boston Meeting the percent- 
age of achievement toward suggested 
goals shows an average gain per state 
of 17 per cent. 

The following five states have more 
than reached their goals. 

135% 


133% 
117% 


109% 
104% 


Washington 
Utah 


Nevada 
Oregon 
South Dakota 


The membership achievement in eleven 
other states has reached from 90 per cent 
to 99 per cent of the goals set. 

Wyoming 92% 
California 91% 
Maryland 91% 


Massachusetts 90% 
Texas 90% 


Connecticut 97% 
Montana 97% 
Colorado 96 % 
Arizona 95% 
New York 94% 
Michigan 93% 


Other interesting indications of progress 
include: 


LEADERS IN MEMBERSHIP TOTALS 


Texas 
Michigan 
Indiana 

New Jersey 
Massachusetts 


New York 1111 
Illinois 946 
California 804 
Pennsylvania 762 
Ohio 617 


LEADERS IN MEMBERSHIP GROWTH 
(since Boston meeting) 


New York 281 
California 225 
Indiana 211 
Illinois 175 
Michigan 154 


Pennsylvania 131 
Texas 125 
Ohio 122 
Massachusetts 93 
Washington 80 
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GREATEST RELATIVE GROWTH 
(since Boston meeting) 


(in terms of suggested goals) 


Michigan 
California 
New York 
Idaho 
Iowa 


Oregon 

Indiana 
Washington 
Arizona 

New Hampshire 
South Dakota 


We are very much pleased with this 
record and greatly appreciate the fine sup- 
port of National Council’s many friends in 
mathematics education who have brought 
this about. We do have much more to ac- 
complish, however, if we reach the 15,000 
goal by April 1, 1956. With your assistance 
we feel sure we will succeed. 

How can you help membership growth 
in your state? How can you further 
NCTM membership progress toward the 
15,000 goal? 


1. Will you please secure at least one 

new member for the Council? Let us 
adopt as our membership motto this 
year, “EACH ONE WIN ONE”’ and then 
do our best to activate this motto. This 
procedure was tried out at the Boston 
Meeting and resulted in enthusiastic 
endorsement by a great many in at- 
tendance. State Representatives and 
leaders of Affiliated Groups have al- 
ready put this motto to work in their 
own localities with noticeable success. 
They intend to continue this procedure 
during the coming year. 
You who are mathematics professors 
or mathematics instructors at state 
teachers colleges, colleges of education, 
and similar education centers can give 
us invaluable assistance through solici- 
tation of NCTM memberships among 
your students. 

. Supervisors of mathematics in city or 
large-town systems of education, and 
department chairmen in secondary 
schools and colleges can do much to 
interest your teachers in the services of 
the National Council and so stimulate 
their desire to become members. How 





i 
The National Council of Teachers of Mathematics—Members and Subscribers 


The Per cent of 
Arithmetic Mathematics Goal 
Teacher Teacher already 
Members subscriptions subscriptions Total Goal reached 





Alabama 6 127 170 


Arizona... 9 57 60 
Arkansas 8 110 171 
California j 124 804 879 
Colorado Ll 173 180 
Connecticut.......... 14 221 228 
Delaware j 53 71 
District of Columbia. . . 159 185 
Florida 280 351 
Georgia 165 186 
Idaho 16 18 
Illinois 1,198 
Indiana 542 
Iowa... 296 
NT NPE ES 311 
Kentucky 123 
Louisiana 276 
Maine 69 
Maryland 285 
Massachusetts........ 440 
Michigan 

PENNNRUES occ ce ece 

Mississippi........... 

Missouri 

Montana 

ee 

Nevada 

New Hampshire 

New Jersey 

New Mexico 


-- 


— 
RPUISMOHK OU 


{ 44 

617 740 

Oklahoma 207 237 
Oregon 178 134 
Pennsylvania 762 920 
Rhode Island 58 71 
South Carolina 49 94 137 
South Dakota......... 32 . 42 36 
127 172 246 

MOET onthe sce rics 416 602 672 
Utah 32 50 48 
Vermont 24 31 41 
Virginia 217 ¢ 273 357 
Washington........... 182 2 249 228 
West Virginia 83 97 188 
Wisconsin. ... 273 364 420 
Wyoming 24 33 36 








Tenia) iii des Qe 12 ,239 14,388 


U. S. Possessions 6 54 74 
Canada 8 173 201 
Foreign. ..... 258 339 


GRAND TOTALS.... 2,433 800 12,724 15,002 


Current membership campaign of the NCTM 





many of your teachers are National 
Council members now? 

Be certain that your school library 
is a subscriber to either or both of 
the NCTM journals, The Mathematics 
Teacher or the Arithmetic Teacher. 
Your enthusiastic support of your 
NCTM State Representative and the 
leaders of your Affiliated Group in 
their membership solicitation will be 
greatly appreciated. You will be hear- 
ing from them through your local 
Newsletter or The Mathematics 
Teacher, through announcements at 


state and local meetings, and through 
display of NCTM publications and 
periodicals. 


Please accept our very best wishes for a 
most successful year. Do not hesitate to 
call upon us whenever we can be of assist- 
ance to you. 


NOTE: On October 29, 1955 word was received 
from Mr. Ahrendt at the Washington Office, stating 
that NCTM membership at that time had reached 
a total of 13,681. We do not have an analysis of 
this total by states to present now. Watch for such 
analysis at the Christmas 1955 meeting in Wash- 
ington, D. C. 





The Curriculum Committee of the National Council is anxious to hear of 
recent curriculum revision which involves mathematics and research concerned 
with the mathematics curriculum in secondary schools. Please communicate 
with Frank Allen, Lyons Township High Schooi and Junior College, LaGrange, 


Illinois. 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THe MArTHE- 


MATICS TEACHER. Announcements for this col- 
umn should be sent at least ten weeks early to 
the Executive Secretary, The National Council 
of Teachers of Mathematics, 1201 Sixteenth 
Street, N.W., Washington 6, D. C. 


NCTM convention dates 


CHRISTMAS MEETING 

December 27-29, 1955 

Sheraton-Park Hotel, Washington, D. C. 

Very! Schult, local chairman, District of Colum- 
bia Teachers College, Washington 9, D. C, 


ANNUAL MEETING 
April 11-14, 1956 
Schroeder Hotel, Milwaukee, Wisconsin 


Margaret Joseph, 1504 N. Prospect Avenue, 
Milwaukee 2, Wisconsin 


JOINT MEETING WITH NEA 


July 2, 1956 
Portland, Oregon 
Lesta Hoel, Public Schools, Portland, Oregon 


SUMMER MEETING 

August 19-22, 1956 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los 
Angeles 24, California 


Other professional dates 


WOMEN’S MATHEMATICS CLUB OF CHICAGO AND VICINITY 


February 4, 1956 


Mandel’s Tea Room, State and Madison Streets, Chicago, Illinois 
Jean Bryson, Waukegan Township High School, 425 Surf Street, Chicago 14, Illinois 
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CORNELL STANFORD 
UNIVERSITY UNIVERSITY 


at at 


Ithaca, New York Stanford, California 


AND 


The Shell Companies 
Foundation, Incorporated 


ANNOUNCE 1956 SUMMER LEADERSHIP TRAINING PROGRAMS FOR 
SECONDARY SCHOOL SCIENCE AND MATHEMATICS TEACHERS, SUPER- 
VISORS AND DEPARTMENT HEADS. SHELL MERIT FELLOWSHIPS WILL 
BE AWARDED TO THE SIXTY SELECTED PARTICIPANTS. 


The purpose of the two University programs is the same:—namely to provide 
recognition for individuals who are demonstrating the qualities necessary for distinguished 
leadership in the improvement of science and mathematics teaching in secondary schools. 
The two programs will be arranged to provide experiences and studies that will help 
such persons improve their own work as well as develop ways and means of assisting 
other teachers in their school, community and region. 


The ultimate objectives are a greatly increased number of citizens well informed 
about the role of science and mathematics in human affairs, and greater opportunities 
for promising youth to make adequate preparation for careers as scientists, mathemati- 


cians, engineers and teachers. 


The programs will provide seminar type courses, lectures, visits to research and pro- 
duction establishments and informal discussions with outstanding scientists, mathema- 
ticians, and educators. Those selected will be expected to pursue special projects relating 
to classroom instruction and pointing toward leadership efforts in their own community. 


Teachers with at east five years of high school experience, known leadership ability, 
and the prospect of many years of useful service in the improvement of chemistry, mathe- 
matics or physics teaching are eligible. Heads of departments and supervisors with good 
preparation in chemistry, mathematics or physics who formerly were teachers are also 
eligible. Further studies in one or preferably more of the indicated subjects will be ex- 
pected, Evidences of leadership potential will be significant factors in the selection. 


The 30 persons who are selected by each institution for Shell Merit Fellowships will 
receive free tuition and books, board and lodging, and a travel allowance. Each will 
also receive $500 to help make up for the loss of potential summer earnings. 


Inquiries from teachers East of the Mississippi should be directed to Dr. Philip G. 
Johnson, Stone Hall, Cornell University, Ithaca, New York. Teachers who reside West 
of the Mississippi should write to Dr. Paul DeH. Hurd, School of Education, Stanford 


University, Stanford, California. 


(Paid advertisement) 
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PLANE GEO METRY A flexible text that provides material for both 
the average class and the gifted student. With 
many exercises plus timely reviews, mastery 


WALTER WILSON HART tests, and review of arithmetic skills. 


Th i in this t k ibl 
SOLID GEOMETRY =e Zro“cephatising ether logical develop. 
ment of a sequence of propositions, or prac- 


W. W. HART and . t seq h oF prac: 
VERYL SCHULT [aa 


A fi P icularl ited d 
TRIGONOMETRY. >, smn maatt wet someteter 
college courses. An abundance of illustrative 


WILLIAM L. HART examples and problem materials, and excep- 


| tionally complete tables. 


BF) D. C. HEATH AND COMPANY 


Sales Offices: Englewood, N.J. Chicago 16 San Francisco5 Atlanta 3 
D> t= Dallas1 Home Office: Boston 16 








EMERGING PRACTICES 
IN MATHEMATICS EDUCATION 


Twenty-Second Yearbook of the 
National Council of Teachers of Mathematics 
Full of ideas for immediate use in your classroom. 


Nontechnical discussions, “down-to-earth” sugges- 
tions. 


New approaches to old problems. 


share their CONTENTS 


Various Provisions for Differentiated Mathematics Cur- 
riculums 

p Laboratory Teaching in Mathematics 

practices Teacher Education 

New Emphases in Subject Matter 

The Evaluation of Mathematical Learning 

Bibliography of “What Is Going on in Your Schools” 


Sixty-one 


teachers 


successful 


with you. 


Price $4.50. To members of the Council, $3.50. 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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How to Use Your Bulletin Board 


Donovan A. Johnson and Clarence E. Olander 


Make your bulletin board a genuine teaching aid. 


NO 1 Discusses purposes, appropriate topics, supplies needed, 
techniques, and “tricks of the trade.” 
@ Illustrated with reproductions of actual displays. 
A gold mine of ideas for the effective use of your bulletin 


board. 12 pages. 50¢ each. 


How to Develop a Teaching Guide 
in Mathematics 
Mildred Keiffer and Anna Marie Evans 


Tells how to develop teaching guides in mathematics to 
meet your local situation. 
s Discusses steps in the development of a guide, principles 
involved, content, and use. 
Contains an annotated bibliography of reference materials. 
10 pages. 40¢ each 
All items in the How-To Series are punched for three- 
ring binder for convenience in use. Collect the entire series. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


‘ 











Guidance Pamphlet in Mathematics 


Describes the mathematics needed for citizenship and for suc- 
You cess in various vocations. 


Cannot Discusses vocational opportunities for mathematically trained 


persons. 


Guide Your 


Gives up-to-date data and statistics. 


Students 
Contents: Mathematics for personal use, for trained workers, 


Without for college preparation, for professional workers, for 
Civil Service workers, for occupations in the armed 
Facts forces, and related matters. 


Published December 1953. 46 pages. 
Price 25¢ each. Quantity discounts 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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Wenc Filmstrips for Mathematics 
Algebra 


These seven filmstrips explain those con- 
cepts that the beginning student often 
finds difficult, including graphs, formu- 
las, equations, and the handling of signed 
numbers. The connection between arith- 
metic and algebra is emphasized, and 
questions are included for student par- 
ticipation. 
No. 3993G. Algebra Set, boxed. 
$21.00 


Plane Geometry 


Twelve filmstrips emphasize the visual 
aspects of geometry through applications. 
Demonstrative geometry is also included. 
All phases of plane geometry are covered 
in the complete set, including loci, areas, 
circles, congruency, parallel lines, tri- 
angles, polygons and quadrilaterals, 


No. 3993W. Geometry Set, boxed. 
$ 


Integral Calculus 


Four filmstrips demonstrate the finding 
of areas and volumes by single, double, 
and triple integration in rectangular and 
polar coordinates. Simple illustrations 
are used to aid the beginning student to 
visualize the basic concepts. 


No. 3994N. Integral Calculus Set, 
boxed. $15.00 


For additional information, write for the 
WELCH Mathematics Instruments and Supplies Catalog 








W. M. WELCH 
SCIENTIFIC 
1515 Sedgwick Street, Chicago 10, Illinois, U.S.A 


a COMPANY. 
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RESOLUTION CHART 








100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. . As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing the length 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = 5. 


Examine “T-shaped” line groupings in the film with microscope; and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group are 
not distinctly separated. Reduction ratio is 5, and 7.9 x 5 — 39.5 lines per millimeter recorded satisfacto- 
rily. 10.0 x 5 = $0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 

Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, 
processing, and other factors. These rarely utilize maximum resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 





